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§1. Introduction. 


In recent years there have been some remarkable developments in the 
mathematical theory of order-disorder transition. The problem of determining 
the partition function for a lattice with simple interaction model was found, by 
several authors,” to be reduced to an eigenvalue problem which is easier to handle 
_ with, and which, with suitable approximations, would reveal more refined details of 
the phase transition than the former theories. This method of attack culminated 
in the work of Onsager,” who succeeded in giving the rigorous solution of the 
above mentioned eigenvalue problem for two-dimensional simple square Ising lattice. 
The mathematical tools involved, however, are so hopelessly complicated that one 
would quite simply lose sight in the jungle of hypercomplex numbers. A con- 
siderable improvement on this mathematical point has been attained by Husimi 
and Syozi” who used it to solve the eigenvalue problem for the honeycomb type 
lattice. The present author, independently of them, has reached more or less 
similar ideas and considerations which it is the purpose of the present paper to 
_ expose in brief detail. Though as yet no substantial applications has been 
attempted, nor anything physically new has been derived, it may be hoped that 
it will do some profit for those who are interested in such problems. 


§ 2. Preliminary Considerations. 


Let us take JV identical particles 1, 2,---/V, arranged in order, and consider 
the interchange Pyn.1 of two adjacent particles z and +1 (w=1, 2,---V). Such 
operators are met with in the theory of ferromagnetism in which the eigenvalues 
of the operator (for one-dimensional case) 

il ° 
PSD Page De ACE 
are asked. Here o, means the spin matrix (¢,,0,.¢,) at the th site. As P 
commutes with Lm =25— N, where S is the total number of spins oriented to 


+z direction, ie can work within a subspace in which S is kept fixed. Then 
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P is equivalent to an operator affecting the arrangement of S particles over V 


sites. Each site is either occupied or not occupied by one of these particles. 
If we introduce such operators, that change the unoccupied nth site into occupied, 


22 one a) 


then P can be written in terms of them as follows: 


and vice versa, by 


P=) (05 Gns1+ Qns1Ont Gn nOne1Gn+1 + AnD Ans 12n+1) 
sie € _ ¢ + r* > 
=>) (CT ae at Ot 18, — 2ay ant 245 afte. eed < 5 N * (3) 


The operators (2) remind one of the operators familiar in the second quanti- 
zation, the only difference being the lack of anticommutativity between different 
sites. But we can easily see that the introduction of the sign functions necessary 
to make the a,’s and a%’s anticommute does not impair the relation (3), so 
that we are permitted to put 


[@n, al [ans On) = [Gas a,.|,=0. (4) 
Now we make use of the Fourier transformation to rewrite (3) as 


P=) (an a,,0(u— m+ 1) —afa,,0(n—m) + af a,a7a,,0(n— m+ 1) +conj. 


nem 
1 esses pint np Sete) _ 24t_ ny eet 
= a,e aa, * i i a as OY conj. ) 
Vo i " ¥ . = oe 
+ Sar anaia,O(u—m +1) 
num 
=>) use — ate + ~ * + 
= Dil aeae —aza,+conj.)+ Safa,ara,,6(z—m+1), (5) 
where 
1 Bat ny 1 ont ay 
aq = ——YViae ¥ ay =——Via,e * .. 4 
AHEM ina Sentai ys 


There is a striking analogy to the ordinary quantum mechanics. P is just 
the Hamiltonian of interacting identical systems for which the “kinetic energy ” 
and the ‘interaction potential” are given respectively by 


Wr 
2(cos == —1) and O(4,—2,+1), (6) 


where & and x take discrete values. The kinetic terms alone lead to the well 
known Bloch spin waves whereas the interaction terms cause scattering of them 
The latter can be neglected when the number of particles are small because the 
interaction force is of short range, which Corresponds to the fact that the notion 
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of spin wave is a good approximation when the magnetization is nearly complete 
(low temperature). 

As the above example shows, the introduction of a set¢ of anticommuting 
operators is particularly convenient because of its orthogonal property. Instead 
of the creation and annihilation operators a¢ and a,, we can also use the quantities 
@, +a, and t(aj—a,), or in other words, a set of anticommuting quantities with 
the commutation relations 


fe le =20,,, 7) fa BV". Ci) 


According to the theory of spinors, such quantities can be considered as 
making up an orthogonal basis for a 2\V-dimentional vectors space». A product 
of two vectors x7, commutes with x, if #47, s. Thus we have a means for ex- 
pressing commutable quantities in terms of anticommutable quantities. 

As a next example we shall take the eigenvalue problem for the operator 


PES) (Gutaricat Onyonsiy) = Di An + By) (8) 
_which is a part of the operator P defined in (1). The commutation relations for 
A and & are 

p43 A, | =| 0,; 5y).=0, 

[4,, B,|]-=0 if n=m or |x—m|>x1, (9) 

9 eg | ee Raa 


That is, 4, and &, anticommute when they are adjacent, otherwise simply com- 
“muting. Such quantities can equally be composed of totally anticommuting 
operators. Indeed, let us introduce 2/V basic vectors x, Lqy*** Loy with the com- 
mutation relations (7), and define (Fig. 1), for V=even, 


A —= 14, Xo 
2n—1 2n 2Qn+1 2n+2 n enon +1 » 


en. fe) rw one, me fo) n=1, 2,-NV; I2N+1e=1. (10) 
‘ Bn iu By =1Xon—14 0042 
Fig. 1. Obviously these quantities satisfy all the 


relations. (8). The only difference is as 


follows. From (8) we have 


N 
ferent | (11) 
n=1 n=L 
‘while from (10), on the other hand, 
Ag = 1% 2x3 eee “ont, = — 1°44 ce Loy = t= +1, 
ITB gO tg Koko! THe Fats Gs 


=i"(—1)* xa, male Hegel yee x, 
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so that the operators in (8) cover only a subspace of the operator domains for 


(10). We have deliberately to select those solutions which lie in the subspace 


z=. 
Now (8) can be written as 


N N 
P =—-4 (LonXon41 + Vig itn) — 22) (F2n¥2m+1t Sin -sStnia) ae 
n= 


n=1 


2k 2nk 95 


=23) (ey 2+ Ie we ) 


Z 22% 4(n—m) 
= WV 2 >a (Coe ee oe fe 1%9m+2)@ a 
n,m 


2Rk 94 


y/2 Sak 
= a4y~-,l—-e * )+z~(l—e* )} 
k=1 


wie —2Hk ae ee ee 
=— —— N —— | ’ 12 
4>) (4p9 16 % —xX~Ne * +)sin oe dite sin (12) 
where 
1 a ak » 1 Sak yi 
4, = V2N 2itané a i ’ el VIN N wat ’ 
[tus axles lor, F-ile= Ons R, l=—N, —(N-1), =35 +N, (12’) 


Ln, #,|-=0, [+2 I-=1)4=0. 


Thus we see that the eigenvalue of P’ is a sum of the contributions from individual 
terms with 2,, which have four eigenvalues 0, 0, +1 as shown by matrix repre- 


sentation : 
=(0" )x( te oy « m4=(,° )x( M ups 
m=("1)*Co* )s ("1 )x(1°): Sead 
SHV pe nae THRIVE Fe y | . 
—— ) 
Then 
Pia d3ie, sin a » &e0, 0, I or i, (14) 


The restriction a2=1 becomes as follows. We write 


N 
IT(cos 9+ sin 02q%n41) = 11 exp (Axonom 41) = exp [OD onto ei] (15) 


NI2 N/2 
=€xp [2031 It +2_,7,) |= JT29:R,], 
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=/17{1+ Re(cos 20—1) +é sin 20R,}, (15’) 
since Reh, (16) 
Putting 0=7/2, we have 


(<I) F2=10-2R2). (17) 


X&, turns out to commute with z, and has the eigenvalues e,°. Hence we get 
the condition 


(—1)"*2=71(1—2e/7)=(—1)*”. (18) 
which determines the number of non-zero é;. 

Thus we see that the use of anticommuting quantities is successful for the 
operator (8). The problem of diagonalizing the operator has been reduced to 
diagonalizing a quadratic form. However, this ceases to be the case when we 
take instead of (8) the operator P defined in (1), which calls for a quartic form 
rather than a quadratic. 


§ 3. Onsager’s Problem... 


Now let us take up the case of Onsager”, that is, a plane square lattice 
with interaction according to Ising model: 


= JS \5,5¢ af Saks (19) 


where s, represents the spin (= +1) of the zth site on a certain row and s,’ that 
of the neighboring one on the next row. The summation extends over all the 
sites in the lattice. According to Onsager, the problem of obtaining the partition 
function F=Z7r exp (— E/T) is reduced to asking for the largest eigenvalue of 


the operator 


N N 
H=exp [Psnsn41] exp [4Lie], V+1=1, (20) 
n=1 n= 
where spied == 1; 
[Sas Cn]4=0, (20°) 


[su, Sn jn =? Se Cvs = [Ens lm |-=9, nA mM. 


We shall not occupy ourselves with the deduction of the formula (20), but 
suppose it as given, and try to solve the eigenvalue problem for H. Writing (20) 
simply as 


H=exp[@¥'S,] exp [4G], 


Sn = SnSn+1» cH = Cn, 


(21) 
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we see that S, and C, have the properties 


[Sno Caai]+=0, otherwise all commuting, and (av) 
S=S,S, + Sy=l, CHO,C,- G=tih. 

In view of the relations (20) and (21’), a natural idea which suggests itself is 

to express H in terms of the operators of the second quantization as was illust- 

rated in the last section. Indeed, we can put 


Spinsi=i(Al — Aq) (Ader dnes)s Gy=2ahag—I, (22) 
an + An =Cylq °°" Cn—150 » £(ax, — Qn) =6 lq °** CnSny 
with [@n, Gn ]4=Onm « 
Here c, plays just the réle of the sign function. Such a procedure has been in- 
dependently devised by Husimi. Instead of (22) we may directly start from the 
anticommuting orthogonal basis {7,}. Thus we replace S, and C, by 
Sn=tMontonsrs C= initn> 


[4s #,),=20,, , r,s=1, 2, a 2N, 


S= MS, = 2_r5 *°* Ley Ay = — X;,. (23) 
C= 1G = 8" 24h ++" Key =X. 
This substitution corresponds to the case C=—1 if we confine ourselves to the 


subspace X¥=1. The case C=1 obtains when one of the defining equations, say 
for C,, is substituted by 


C= 84,25 (23’) 
However, such minor modifications do not affect the final result for large V ex- 
cept some delicate problems like the boundary tension, so that we shall look 
apart from the eigenvalues of S and C in order to avoid unnecessary complexity. 
With the choice (20), the operator H can now be written as 
H=exp [(83)%m%2n41] Exp [24 0-7on-14'en] = AH, « (24) 


As mentioned before, the quantities x,, 4, «++ 2, may be regarded as orthogonal 
basic vectors in a 2/V-dimensional space. In this space, a rotation of angle @ in 
the plane spanned by +, and x, is expressed by the operator 


tn > O40, 
U=exp [ (9/2) x,1,]=cos (0/2) +sin (0/2)x,2,. (25) 
In fact it is easily verified that 
U~'x,U =cos 0x, +sin 0x, , 
U~'x,U =—sin 0x,4+cos 0x , (26) 


Ut, U=2, » MRP, Ss. 
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Then (24) means nothing but a product of rotations, first by angle 2a, in 
the planes %:,_;%2,, and then by angle 2%, in the plan€s %on%m41. Let us suppose 
that in a suitable coordinate system {%,'} the rotation AH is brought to Jordan’s 
standard form, so that 


H= exp EDIE Eee ee . (27) 


Since |74,/x,,,/|=1, the eigenvalue of the operator H that operates on a eigen- 
vector ¥ is found in the expression 


f[fVU z-exp [Sey Jere. (28) 


We have only to solve the problem in the 2//V—dimensional subspace {+,} of basic 
vectors, instead of the whole space of ¥ with 2” dimensions. By the first rota- 
tion H,, a vector (%,) is transformed into another vector (y,), which, by the 
second rotation AH, again changes into a third (z,). Thus 


Ven-1== COS 2u! %o,_, + Sin ZB’ Zon 5 


(28) 


Vn= —sin i Lonsk + cos 2B Le, ’ 
= Wels 7, / 
Zan = COS 22’7om+ sin QB Ven41 ’ (28’) 
Zongi= — Sin 23" Yon + COS 2B’Yonst » 
or Zon == — OX 1 + Thon + AL on 41 + CXon40 5 (28"”) 
2 — AL 9 + Ahn 41 + OX ng 2+ CL on—1 « 
Here o/=ai, f’=fi, 
° . _— ° , - 
a=Cos 2u! sin 28’, b=sin 2a’ cos 2f", 28") 
c=sin 2u’ sin 28’, d=cos 2a’ cos 2f". 
‘In matrix form, 
—36 dad a c 
c —a a b 2n 
wr (29) 
—b a a c -2Qn+1 
c —a a b 
The eigenvalue equation for H becomes. 
—Btn-1+ (AA) 4m + Anyi EX n9=9, (30) 
CLon—1— AX an + (d—A) 2 on 41 + bim42=0, 
or AX on41 t+ CX on49= OX m1 + (A—2) Xn , (30’) 


(A—2) %on41— OX on 42= CX n—1 — A2an . 
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Let us write 


(Sonat Fnae)=Pnia >. (4-1 Fe) Pas (31) 
and 
4=(,%, ~,): Ba(@ TP). ha 
Then (30’) means 
Agns=Bon, OF Purr=A Bon = Cons (32) 
hence Go = Cr “dh, . (32’) 
The periodicity condition requires that ¢y,,;=¢,, or 
(E—C*)¢,=0, det] E—C*| =0. (33) 


If we denote the /Vth roots of unity by €,=exp (2741/N) =exp (¢,1), 4=1, 2,--- 
LV, then 
det |€,2—C|=0, or |§,4—B |=0, (33’) 
that 4s, 
fa—b, €&c—(A—a@) bana (33") 
E,(A—d) —c, —,d+a) 
This gives a quadratic equation for 2: 
CR —A[2d+-Fe+c]+F(C+E+4+24d*) —(14+€)(ad—cad) =0. (34) 
Substituting (28’”), 
@+8+4+C+a=1, ab—cd=0, 
BM —A[2a+ (E+E) ce] +1=0, 
or # —24(cos 2a! cos 28’ +sin 2’ sin 28’ cos g;) +1=0. (34’) 
Putting the two roots as exp (+2y,/2), 
(1/2) (e""* +e") = cos 27, =cos 2. cos 28" +sin 2a’ sin 28" cos Q:- (35) 


Returning to the original constants @ and ~, and writing y=7'i, we get just the 
relation given by Onsager : 


cosh 27,=cosh 2« cosh 28—sinh 2a sinh28 cos g,, 9,=27%k/N. (35’) 


The largest eigenvalue of 2 becomes then, according to (28), 


LT nnx= EXP es. | Ve 1] 4 (36) 


Such a procedure also applies, szutatis mutandts, to certain variants of 
Onsager model, e.g. the honeycomb lattice treated by Husimi and Syézi. It fails, 
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however, in case of those lattices with too many nearest neighbours, in particular 
the three-dimensional lattices. For we cannot express a quantity which anti- 
commutes with more than two neighbors by a product of two totally anticommuting 
vectors. In fact the three-dimensional model necessitates us to resort to products 
of four 2’s as illustrated below: 


fT=exp [PD SeaSie Gt t SemSndim,) exp [a> 12. 
=exp [782)%,] exp [4214] , (37) 
h=KjX, XyXq!', R=AXytzXq. (See Fig. 2.) 


Supplementary conditions are also to be con- 
sidered. The occurence of quartic forms may look 
reasonable when we note the so-called dual trans- 
formation. Such transformations do really exist 
even in the three-dimensional case. In fact let us 
take a cubic lattice with atoms located at the middle 
point of each edge of the cell, and let each set of 
the four atoms lying on a side plane determine a 
four-body interaction energy [5,555 5;= +1. 
Then it is easy to show that this lattice is dual 
to a simple cubic lattice made up of the body 
center sites of the former with ordinary two-body 
interactions, Perhaps the four-body force may have 
some bearing on the quantity 4, in (37). Fig. 2. 


§ 4. Kramers-Wannier’s method of approach. 


Our next investigations concern the screw lattice model adopted by Kramers 
and Wannier for solving the two-dimensional case. This model seems more con- 
venient for general purposes than that used by Onsager. Now let us try to 
transform the Onsager model into the K-W model as follows. Rewrite (20) 
(after reversing the order of H, and H,) as 


H,H,=exp [tax,x,] exp [2ax,x,]---exp [2B7_%5].exp [#82475]: 
=€xp [202.2%] exp [tax,%4] ‘exp [¢8x_x5] €xp [tax a] exp [78x45]: 
N-1 s F 
=exp [za7,2,] HT (exp [t4tonss%on+2] EXP [¢P%eutonsi] exp [#8 %ey%,], (38) 
n=1 


which can be modified, without grave consequences, to 


Nv . 
H=T1 exp [ittons14n+2] Exp [48% n%2n at] = TA, , 


n=] 


Hy, = exp [4241442] Exp [78 4onton+1] « (38') 
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It turns out more convenient to consider an operator which has its component 
factors H, in the reverse order to (51) (which is also equivalent to a renumber- 
ing of the order), Then define a displacement operator P, which changes 7, into 


tay and°*put 


P= HHH (39) 
with obvious relations 
Hnr=P"H,P”, H,=exp [tPr2%;] exp [tarx,2.] . (39) 
The relation (a Schrédinger equation for discrete time variable !) 
F it TB (40) 
is turned into 
Fi =PAH SE, = Av! (40’) 
by putting PS oa eae See (40”) 


But P-'H, is: now independent of , hence the eigenvalue problem for ¥, is 
equivalent to 


WW! =AB'=PH,0', WHE, (HV,=¥y=EP®,). (41) 


P can be expressed in terms of the basic vectors as 


P=exp [-*. fitey-| exp [- — tess}: “exp [ a Fi 4] 
4 4 4 


x exp |—"— apr | exp| ——7- agrees exp | t—— 45%, (42) 
4 4 4 


because of the relations 


Tv T 
exp re 41Xy x, exp [- + na, 


i 
=, D-a4)nfl taeda (4,- 4,+2%,)=2,, 


exp | ——#2 | exp | —<— 4,28 [=x or / 
4 2 p 4 1 2 2 2 x) ay. (42) 


Thus the operator A can again be regarded as a product of rotation operators. 
Let us look for an eigenvector of the form 


1 


~~ 
He (AX ma + bgn) + ¥en +a’ atey 1. (43) 


g=1 


Substituting in the equation 414~'=dx, we get the following result : 
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cos 2a’ cos 28’x—sin 2u’ cos 2f'y +-sin 2f’2 =x , 


sin 2u/7 +cos 2u'y=dez , (44) 
—sin 26’ cos 2a'x + sin 2a! sin 2h’y +cos 2f’2 =AN-ly , 

or cosh 24 cosh 282+ sinh 24 cosh 28y—2 sinh 2Bz=2"% , 
—?z sinh 2a% +cosh 2ay=2z , (44’) 


z sinh 28 cosh 242 —sinh 2u sinh 2Py+cosh 2Bz=A%-ly . 
Eliminating ¢ by virture of the second equation, 
(cosh 2a cosh 28 —sinh 2a sinh 2827") x +-/(sinh 2a¢ cosh 28 
—sinh 28 cosh 2ua-'y= Az , 
z(sinh 28 cosh 2a—sinh 2a cos 284~")x— (sinh 2a sinh 28 
—codsh 28 cosh 2ad-ly= Aly , 


(44"") 


which determine 4 according to 
| RN-1 + sinh 2a sinh 224% + (—cosh 28 cosh 2a—cosh 2a cosh 28)A"~* 
+sinh 2a sinh 294%? + (sinh? 2u sinh® 28 + cosh’ 28 cosh? 24 
— sinh? 2a cosh’ 2/— sinh” 28 cosh? 2aa~ 
+ (—sinh 2a cosh 2u sinh 28 cosh 28 + sinh 2u cosh 2a sinh 28 cosh28)4~* 
—cosh 2a sinh 2a cosh 29 cosh 22 + sinh 2u cosh 2a sinh 28 cosh 28=0. 
This in turn reduces to 
22% 4. sinh 2u sinh 28(A +271) —2cosh 2a cosh 28 +4-*=0. (45’) 
‘Putting A=CZ0 LT, 
cosh 2Vy=cosh 2u cosh 28—sinh 2a sinh 28 cosh 7. (46) 
This is the equation for 7. To solve this, we assume that 27=27,+w!, and sub- 
stitute in (46), thereby making use of the relation 
cosh (27, +1) =cosh 2y, cos w+7 sinh 27, sin w . (47) 
| Comparison of real and imaginary parts yields the relations 
cosh 2Vy, cos Vw=cosh 2u cosh 28—sinh 2u sinh 28 cosh 7 cos o , 
sinh 2.Vy, sin Vw=sinh 2 sinh 28 sinh 7, sin w . (48) 


Choose w=4£2/N, k=1, 2,:--2N, so that sin Vw=0, cos Vw=(—1)*. In the limit 
N-—- © and Ny, — [=finite, we have 7,=90, and both equations become satisfied 
by this choice of w. Thus 


+cosh 2/°=cosh 2u cosh 28—sinh 2a sinh 28 cosa, (49) 
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with wo=ki/N. (49’) 

But the minus sign is impossible, hence the allowed values for w are 
w=2kr/N, k=1,2,---V. (49’) 


This completely agrees with the previous results. The case of the three- 
dimensional lattice can be treated analogously, but we shall not give here the 


details. 


§ 5. Additional Remarks. 


The mathematical tricks employed in the preceding sections seem to allow a 
rather natural explanation from a somewhat more general point of view. The 
essential point is that we consider, instead of an ordinary eigenvalue problem, a 
different one of the form 

[H, X].=Ax (50) 
for the “ eigenoperator”’ X®. Important consequences drawn from this equation 
are: (a) A is the difference of two eigenvalues of H: 4=£,—£,,; (b) X trans- 
forms certain eigenvector ¥,, of H with &Z,, into another one ¥, with eigenvalue 
£,=£,,+4; and (c) Preduct of two eigenoperators X,X, is again an eigenoperator, 
with eigenvalue 4=A,+4,, transforming ¥,, into a third eigenvector ¥,. If we 
integrate the relation (50) according to 


<_X=[H, XxX], (51) 


we arrive at the equation 

re age at (51) 
The equation (51) just corresponds to the problem of obtaining the eigenoperator 
{4n'} for the rotation H encountered in Section 3 and 4. When the operator 
has a simple structure, a general eigenoperator Y will be factorized into a product 
of prime eigenoperators : 

X=X,X0'++X, > 
with Od mm pdt tAaterrd, 

= , (52) 


The largest 4 is the difference of the largest and smallest eigenvalues of sH in 
(52). If the eigenvalues &, are symmetrically distributed around zero, E,.. will 
itself be given by Anar=Amax/2, a fact which casts a sidelight on the ordeal 
used in the previous sections. 

The main part of the present work had been completed nearly tw 
ago. It is through the kindness of Professor Husimi a d Mr. Sy6zi of Osaka Univer- 
sity that the author enjoys the opportunity of publishing this note. He wishes to 


express on this occasion his cordial thanks to the 
aus m and also to Professor K 
Tokyo University for helpful discussions. a 
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§ 1. Intreduction 


Recent researches developed by Tomonaga and his collaborators, Schwinger 
and Feynman have brought the theory of quantum electrodynamics to an ad- 
vanced stage.. These authors have extended the field theories initiated by Heisen- 
berg-Pauli’s work fully relativistically, and have given them beautiful appearances. 
On the other hand, the development of ingenious and minute experiment which 
has brilliant representatives in the determination of energy levels of hydrogen 
atoms or of the value of the anomalous magnetic moment of an electron, makes 
it possible to estimate the effects of the interaction between the radiation field 
‘and charged particles. These situations force us to harmonize the frequently 
said divergence difficulties of quantum field theory with the real experimental 
facts. Bethe, Schwinger, Weisskopf, Tomonaga and others restored the idea of 
electromagnetic mass and constructed a formally closed theory by the use of 
“‘ronormalization ’’ method and obtained satisfactory agreements with experiments 
though this method has an unsatisfactoriness of handling the quantities which 
are divergent in practice. 

In spite of many successes, it was pointed out by many authors that these 
theories contain ambiguous features concerning with the photon self-energy pro- 
blems and are being investigated in many other cases. 

This defects apparently come from the fact that they are treating infinite 
quantities in separate way in each cases. 

We believe that these divergence difficulties are closely connected with the 
infinitesimal character of the commutators of field variables and more essentially 
with the point character of the interaction between fields which was the corner 
stone of the present quantum field theories. Without altering this fundaments it 
would be impossible to get a satisfactory theory and the future theory would be 
the one in which no divergence quantities appear explicitly. Of course it may 
be probable that the present difficulties come from the defects of the mathema- 
tical devices, But in our opinion the improvement of such mathematical tools 
would necessarily cause the change of the present physical concepts. 

silts Pauli and Villars” proposed a remedy for these difficulties. They 
have “regularized” the infinite quantities and removed ambiguities concerning 
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them. Although this method contains some ambiguities in the case of y-insta- 
bility of neutral Rose particles”, we think that this is an good approximation to 
the correct theory in the sense that it gives satisfactory results. 

It was shown that Pauli’s method is equivalent to the mixed fields.» We 
have brought these fields together in a closed form by extending the present 
theory to a five dimensional formulation, and got results in agreement with 
Pauli’s one. In our formalism the added coordinate is independent from the 
usual space-time coordinates and thus has a conventional character. It is, so to 
speak, an “unphysical variable.” We are reconciled ourselves, however, to this 
circumstance, though it is very unsatisfactory, in view of the transitional character 
of the present formalism. We think that the new freedoms, if it were necessary 
to add them, would not have the equivalent character to the space-time coor- 
dinates, and we hope that our formalism would become an approximation of 
some 5-dimensional covariant form. 


§2. Free Field 


-i) C-number theory 

We introduce formally the fifth coordinate x, which is supposed to have the 
space-like character. The distinction of the fifth freedom from others mainly 
appears in the transformation character of the field variables. 

a) The electromagnetic field. 

We assume the equation of motion* 


eA Tin, Xo) 43) V4) 4;,)=0 (2, k=1, 2, 3,4, °) (2-1) 
OX,0X;, 


as the natural extension. (2-1) can be derived from the Lagrange function 


ee t0U, OU, (2-2) 
2 OX; OX; 
It is possible to construct the stress-tensor 7;, in analogous way to the usual 
case : 
La OU OU peel 20, aU, aU. 
Pe @-9 
MMOe Ae; 0, 404, 02," «8%, 8 
pee 2 : OT, 
It satisfies the conservation equation i 
& 


Here the physical meaning of U/, comes into question. It may be possible 
to give it a property of mixing field (e.g. pseudo-scalar field). But we take U, 
as zero field throughout in the case of electromagnetic field, i.e. 


U,=0, 


* Latin indices run from 1 to 5, while Greek indices from 1 to 4. 
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for the sake of simplicity. 
If we develop U, (u=1,2,3,4) as 
U(x, 25)=|a(hs) Aya he) rd (2-4) 
where a(&,) is a some function of £, and has the following property 


a(k;) =a( —ks), 
then (2-1) is equivalent to the equation 


_ ane ea =0. (2-1) 


040%, 


b) Electron field. 
The equation of motion is 


(7 


where 7,(7=1,2,3,4,5) is the usual 7-matrices and m is a constant representing 
intrinsic mass of the electron. And the Lagrange function is 


l=-+ (7 —+in) $s (2-6) 


¥g, V3) 44) #,)=0, (2-58) 


where ¢* is the adjoint function to ¢. 
Developing ¢*, ¢ as 


(x, 24) =[B (hs) A B(x, baal 2-7) 
h* (x, 25) = (3° (45) o> 8+ (x, &) aby 
(2.5) becomes 
(m2 + m+ irs) $(x, &,)=0 
Ox) s < : 
(7 z 
3 


li) Quantization 


—m—irps) $* (x, &,) =0. (2-5’) 


We assume the commutation relations of the field variables as 
Loh, (4%), OC, (+,')] =10,, e(4,—2,') > 


(el). $2) = (rem) Blea), hi 


the other commutators or anticommutators being zero. Here e(x,), E(a,) must 
satisfy 
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LY 
=03 
Ox ,0%, res 
7 32 (2-9) 
(= ") E(2,)=0, 
04,04, 
‘and has the properties such that 


€ (24)| =~ B44) |= 8a) 8 (4) 3(2,) | o(4s) 
" ahibiad Le 


In view of the usual form Me (2. 1") ne (2-5) we should give the com- 
mutators of 4, or ¢ analogous forms to the usual ones. For this purpose we 
put 


e(x, x)= [ab o(&,) &* Dis (x), 


(2-10) 
Ex, 25) = ale, pd) et 4,.(2) 


where e(4,)=p(--4,) is some function of 4, and D,,, 4,, are the usual invariant 
4-functions which satisfy the equation 
3° 
=e *)D =O: 
0x,0%, (4) = 


(2-9) 


e 9 ) 
—m—k; ae Bo =0, 
( 04,02 w+) 
respectively. Then the commutation rules for 4,, ¢ are 


[Ay 2 b)y Ayla", be! )] =H 4, PA) — 02,4 by!) Dale), 
rat) ibs 
+ / f 1 (2k, ) Lt ) : , 
{$.(%, hy) 9s (2', 2) }= oo Tai ye Bb —ks) (ra Ae —m tir gs) dale 2"), 


However, if we want to decompose the field variables U,(%;) and ¢(x;) into 


two parts, emission and absorption operators, some devices are taken as follows 
that is, decomposing them 


(+) (=) 
7, ( 4%) OER) +0 (4%) , 


(+) (-) (2-11) 
$4a)=P (4%) +9%), 
we assume the commutation relations 
[Ca(x), Oe) =p, [eal ) i (4, 2!)) (2-12) 
{plz oe = (re 


. m) [E(4.-4/) —1E(4,—2,/) ], 
ap 


where e™, E have the eee properties 
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Ca (x,) =0, 


O4,0%X;, (2-13) 
(= mi) B(x.) =0, 
OX,OX, 
which are the same form as (2-9). But we assume 
(x4) =| dk, ob) eH? D(H), 
(2-14) 


B (24) = [aes ob) ct A2(2), 


where o(4,;)=0(—4,) is not the same as p(/,). Then the equations (2-8’) 


decompose themselves into 


) (=) , : , 
Ala, &,), A Leb!) |= iby 8b +k!) ——_[ (8) Dy (2 —2") tah) De 
“ . |a(’,)/° 
cH) CD 1 1 3 . (2-15) 
Pal 4; #5), 0347, 45") } = —— O(4,— 2.) —___ (7, ———m + iy) x 
Bolt bi) $C bd} =— Ble Ie (Tag metres) 


x [0(4s) dag 42") — to (k5) dO (x—2')]. 
To clarify the meaning of above expressions, we construct from the stress-tensor 
the energy fale «4(@%;) which can be written, for instance, for electromagnetic 


field in the following form 


— es > vif WT 3436 oo 2 . > > 
H=\I Bazg {ao ay, 4) 0a 7) wi, 4) }dbdey, (2-16) 
where 


i Qia(s,)|(2. > + 
Noh, ky) =O) gg 
P ) p(4;) +a(hs) oi ( ; Ap y(h, &.); 
(- 


* 2|e(&,)|* , 4h ene 
Ny(h, by) == a tk BA. CEE 
N ) (&5) —a (hy) yu ; ) Ay ul’, ks), 
Mn) > (+) > 
and p(0) =0(0)=1. Are r(h, k;) and Ayr (h, &s) are the Fourier amplitudes of 


A(4,h,) and WV,, Ny have the values O, I, «+++ respectively. (See Appendix I.) 


Hence, p(4;) and (4) mean the density of the distribution of particles with 
different mass state, and play the essential role for the later applications. 


§ 3. Interaction between Electromagnetic Field and Electron 
Self-Energy of the Electron. 


When the electromagnetic field i 


S present, the equation of i 
electron becomes : ae 
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e) . e) 
h Re A 
[ra( or +ieU(x,)) +m 7 Ss | $(4;) =0: (31) 


This means to add the Lagrange function a term 
2eU (4s) $* (45) ry $C). (3-2) 


Assuming the generalized Schrédinger equation 


ae la x.) VSI, (3-3) 
where H=—j,(4, 45) Oy (%, 45); 


the calculation of various problems can be performed in entirely analogous way 
to the usual one. >} means a space-like surface specified by the parameter %,. 
Especially, we assume that the normal of this surface is always perpendicular to 
4,-axis. 

Starting from the state where an electron with “mass” m (ground mass 
state) is present, we can estimate the self-energy of the electron interacting with 
the electromagnetic field by the second order perturbation method. By the use 
of the notations analogous to that of Schwinger’s paper”, we can write the self- 
energy operator of an electron with mass m as follows :* 


Flew y= — 5 — ded ALP" (ats) Ta alot ad Te te) ] 6 (2 aa) 
+1 Ce a0 rePe— at, ara ts 21)] at, 2a) 
+iht (2 yas rel? ! —4) 2) — Fe) re OC #,)] e(a—2", Ha FeV pe Chey 
$I TU! 2, el — 2) A 2] OH, 8) Je 
and in virtue of (2-17) this becomes 
2 “ |e sae! {ae,{ap, x 
x LOVE OOD | 2,06 95) Aorttho—TI5 (2,0), THSO(2 = 210862", 0) Dusl#— 2) 
+ (ps )a (hy) ettrot exes b+ (7,0), Hu Sps(4—#" ruby (2's 0) Dis 4 —#') 
+ (Rg) a (py) ak-Porbenteo—m4 + (x1, 0) 7,50 (2! 4) Tu Bp(4 9) ] Dig (4— 4’) 
+ (ps) a (hy) erate 8% (2!, 0) pu Spo 4/—2) Fu Op(4 0) Di(a—2') } 


* To construct ¢ from ¢ we should multiply the step function o(x—.’) not including 5. Hence ¢ 


is an even function in respect to x5 as is e. 
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= = dese (t,)o(b) {te {08S (0) TSE —# Vr (2!s OV] Dal —=#) 
8 


+16 (0), tyS-e (4-276 (2, 0)] DOC 7) 
+163 (2, OSB (a2 Wr $54, 0)] Dal —) (3-4) 
+185 (7, 0) roSig 22) Tan Bp (2; 0)] DEC) } 

<Hms> = (83 (4,0), Hy (z, 0)] + UTS 0), (250), BB) 


where 


I, (2, 0) =-£ [dsp (by) 0 (4) | de") Dsle—2)(r1 


ee —m— irshs) AY (a—2") 


+ DY (4—2’) (7s - 


—m—ishs) An,(2—2") | ro89(2", 0) ae 


nan 


H,(2,0) can be written in the form 


IT, (4, 0y=— << fatsp (2£;)a(2;) \dx'K(a—2')¢,(2’, 0) dx’ 


=F [thao a (&s) [dp PK(D)8,(0), (3-6) 
where ¢,(~) and X(#) are the Fourier transforms of ¢,(«, 0), K(2) respectively; 


$(x,0) =[e4,(p)ap, 
(3-7) 


(gh fn ad 


(27) 
Similarly 
Hi (2,0) = ~~ [aso &,)o (a) [dp 92 (p) Kp). 8-6") 
In (3:6') K(~) and K’(p) are 


lsd cee B(g8+ mths) 4. 8(p—9)s2-bhe 
he) = jeo[ eter 4 Mma tea) | ies Aenea 
ery (Pg) the (gttmet hay | lra—m+ ire) ry, 


7 ade o( "+e +h2) 8 a as 2 
K"(p) = ao] qr ‘) 8p D+F 
(27° (p- q) A +25 (9° +a? + #,*) ie [rsga— m—tyks| Te 


(3-8) 


Hence — <Any o> = > om (43, ¢,], 
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om=—_ jae o(k a(k ja z +2m [ Stent He) + me ths) OG Dr | °) i 
Qn? 5 ) ( 5) 9 ( Yaa ) (p Q) 2 ee ax 2 he 
(3-9) 


This is the same expression as Pauli’s one. 


§ 4. Photon Self-Energy and Vacuum Polarization 


In this section we treat the problem of vacuum polarization and photon self- 
energy. The calculation is rather complicated but it can be performed in the 
same line as has been done hitherto by several authors. 

When an external field U, is present, the change of the energy operator 


OH is 


<9A> 9,00)=— <Ja(%, ¥5) > 0,200)7 a (%; ¥5) 100) 


Te a [eg {ate! Kyy (4-2, 4;—%;)) (e,. Ce as) UL 45) |10)s (4. 1) 
where 
peo OnE On On, (of On” WEE +4 9F SLES (4.2) 
meas “ar, Oe, Oz, AN Dt» Pa Ox, dx, 
Therefore Ok yy has the form 
ay 
/ (1) ; (1) sae 
ES IS 4 SF OE )- 3(2) f(2s) (4-3) 
Of, “Ot, O%_ OL. Ok, ae 


where /(4;) = [eo (4,) dk, The first term gives no contribution. The second 
, 04 : 
term can be written as —d(2) dks da, e*0(k,—9,)a (Gs) ge and owing to 
Bh 
the independency of gauge function on +,,* we get integrating over +, 


foCas) #(¢) das| —a(2) 2 


‘| (4-4) 


Bb 


This is also the same as Pauli’s one. 
Herce the photon self-energy term becomes 


dH =4e'(dg,o(g,)o(g.) f di! A,(x', 0) A, (2,0) Ky, (4—2", 95), (4-5) 


* If we take the gauge transformation 
0 
Of (x, %5) =U1i(*, ¥5) Oxy A(x, 5), 
we get from the assumption U,;=0. 


2 A(x, x5) =0. 
0x5 


This indicates that the gauge-function is independent on -r5. 
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and 


[aso 03) 049) Ke 9) = Tape [OP Kea) at (4-6) 


where 


1 O(g¢ +m +95) 
K(f) = aay |20(4) a (9s) 0 (picts x 


x[—9n(fr—9) —9v (Pu Fu) — Furi —9a( Pa ga) tO +95} ]. 4D 


This has again the regularized form. 


§5. The Anomalous Moment of the Electron 


To discuss the anomalous magnetic moment of an electron, we have only to 
calculate the change of current operator 47,(2,2;) where an electron is placed 
in an external field. After some calculations, we obtain 


te" 1 { 2 
aos aes ee ee a 
2 (2 : rae 3) ( 3) 


j J dé dy bs (x +, 0)7* [Dyu(€—7) Sn €)7*S2,(—7) 


<n (4, 45) > (m),0o= — 


+ Das(E—7)SO(E)7" San (—7) 


F DY(E—7) Sin €)7*S-2(—9)] 76, (4% +7, 0). 


To bring this expression to some regularized form, we must put some condition 
to the function p(4;)°e(4,). (See Appendix II.) This circumstance is similar to 
the case of Pauli’s method, and the higher order calculations would necessitate 
to impose more strict conditions upon e(4;) and @(4,). 


§ 6. Concluding Remarks 


It seems that we have shown the equivalence of our formal five dimensional 
theory to Pauli’s regulator at least up to second order approximation. But the 
vivid perspective is not obtained whether such a method is effective in higher 
order approximation. The origin of this situation lies in the fact that this equi- 
valence is only in second order, and the difference becomes distinct when the 
approximation proceeds. The differences are: 

1. While Pauli has turned his attention to the square of mass, our method 
includes essentially the mass itself. The difference does not come into appearence 
fortunately in second order approximation, but does in higher order. In fact, it 


is seen that the terms due to this difference arise in the computation of anoma- 
lous magnetic moment of the electron, 
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2. While Pauli’s method avoids to perform factorization, our theory shows 
_.that in second order approximation the factorization gives the same results. 
_ Nevertheless, in higher order approximation this difference becomes distinguished. 
(See Appendix II.) 

In view of these circumstances it must be carefully investigated in detail 
whether our method is wholly consistent or not. 

In our formulation five-dimensional covariance is discarded standing on the 
viewpoint that we are treating the problems which are essentially four-dimen- 
sional, but this point must be furthermore investigated. The principally relating 
problem is how to formulate the concept of mass state of which we assume 
a-priort in this paper. At least in the present formulation, it is natural to take 
&,=0 as the ground state, but it is not necessary. Probably, if one could 
formulate the covariant theory of five-dimensional space throughout, one could 
success the justification of this concept. 

At the end of this paper, we emphasize the fact that one need not tend the 
auxiliary mass appearing in the intermediate state to infinity in the final results. 
_ However, if we don’t introduce these limiting process, the results would depend 
on the form of p(4,) and o(%,) and then we get different result from the pro- 
ceeding calculations by many authors. Therefore whether we can determine 
p(4;) and o(£,;) consistent with these empirical results, e.g. the Lamb-shift and 
the intrinsic magnetic moment of the electron, or we ought to introduce these 
limiting process, must be also our future task. 
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Appendix I. 
Since (2-12) and (2-15) contain two time functions, we decompose once 
again these variables into 


(Ge) (Gio) k=) 
OF, (4) =O, (4;) + Oy y(%), 
Ce) i (9) 
O71.(%) =Cry (4,) + Onn (%), 


and take the Fourier expansion in 4, space, then the commutators between 
(+) (-) 
Aye}, Air, become as follows : 
+) (-) tng OL ee 
[Anu (%, hs), Ap (2; hs!) |= 208 (hs + £5') ee ee Dys(4#—%') 
“5 


4 a e(4s) —o(hs) SD cy yt 
[Ayu(%, s&), Aw (2’, hs) ]=10,,9(h, + 2s’) “Blah? Dy (4#—2"). 


: , : ; Ki 
Next, taking the momentum expansions, these commutators can be written as 
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as es Fs i> p(hs) == a(ks) 
op yin mn Pg i) — 
[Ap (4; Bays Apylh ks) | 6,0 (2 Bh) (ks + ag 2 | a(Z,)|* 


oe - 7 es) —o (Fs) 
wees fa), Aig APs k,l) |=0,,0(k—-#’) b(k,4+ ;)) 2 ‘a? ? 


Therefore the numbers of particles in these two fields are ~ 


2 (+) (-) 
2| a(Z;)| A 


LV, k kh = ’ 

( ? ) 0 (ks) +a(ks) Piete Pe 
2 B.)\? {+}- t=) 

NA; PE ENS Wels Ay aria 


0 (4s) —o (4s) 
which imply the positive and negative energy particles respectively. 

We can take the similar procedure for the electron field and then obtain the 
unfamiliar particle field beside the usual one.” 


Appendix II. Example of Regularization. 
In second order approximation, the regularization factor appears as follows: 


feCes)o(d,) K (Us) dh (11-1) 
If £,s distribute discretely in the intermediate state, we assume 
PC)= Doan, — 28) = TC, mp (11-2) 
where m=O and C,=1, then (II-l1) becomes 
UG K(m,), (II-3) 


which is equivalent to Stueckelberg-Rivier’s procedure. 

In higher approximations, taking these assumptions, the regularizations are 
also equivalent to Pauli’s one not using factorization. But if 4,'s distribute con- 
tinuously, the circumstances are not so simple, As an example, we get for the 
magnetic moment of an electron 


[e&)%o(A,) KBs) (4) 
and for the case of (II-2) we have 
UG K(m) ’ 


but for the case of continuous distribution, the conditions are not so simple as 
this, 
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§ 1. Introduction 


Existence of a heavy meson (t-meson) having the mass about 700~1000 
times that of an electron, and the fact it disintegrates into z-mesons is almost 
confirmed by recent experiments, For example, G. D. Rochester and C. C. 
Butler? have reported the processes which are considered to be r*—> z*+7° and 
T°» z*+4+77, and C. H. Powell and others” have observed the decay process in 
which a t-meson disintegrated into three z-mesons. Furthermore, L. Leprince- 
Ringuet”obtained the interesting photograph in which a c~-meson gave rise to a 
star and a o-meson, produced from that star, led to the next star. 

Here, the following processes are considered : 


(4) tho atte! (8) oat 
(7) tt 2*+7° (0) r+ 7 +7. 


(a) and (f) are perfectly equal except for charges. (0) can not be observed 
by experiments, but we take up the process for the purpose of studying identities 
occasionally held between two interaction forms of the meson. 

As the explanation of the photograph obtained by Powell and others, the 
following two alternatives may be considered: one of them occurs by the process 
tt a+47++4277 and the other is to assume that the successive two processes, 
tt m*+r° and r°—> 2+ +27 occur. 

The former will be treated in part IV, and will not be touched here. 

A t-meson is assumed to be a Boson. As it is considered that t-mesons 
interact with nucleons from the photograph of L. Leprince-Ringuet,” it seems 
appropriate that the processes mentioned above occurs through nucleon fields. 


* The content of this paper was read at the meeting of the Tohoku Branch of the Japanese 
Physical Society held at Tohoku University, on July, 2, 1949. 

** In the case where electromagnetic field exists, as photons interact with a proton but do not 
with a neutron, matrix elements of rt+-2z++ 7 becomes unsymmetrical with regard to nucleons. In this 


paper, these situations do not occur. We call this “ symmetrical interaction.” Former cases are called 


“ unsymmetrical interaction.” 
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Firstly, constructing the equation of motion for the gecipan in which a heavy 
meson decays into lighter ones via nucleons, the decay detec of * wieaesiask 
into m-meson was calculated, and the selection rule for possible tasers “aia 
cesses was researched. Next, the equivalency between two different interaction 
forms of scalar and pseudoscalar meson was studied* and found that there axe 
many cases where Nelson? and Dyson’s” arguments do not hold. Further, it is 
studied how we use regulator proposed by Pauli and Villars” for the divergency, 
non-gauge covariancy and the equivalence theorem, on which was already om 
vered in our paper I.” The calculation was done by using Tomonaga-Schwinger's 


formalism. 


§2. Method of Calculation and the General Hamiltonian Form 


The fundamental equation for mesons, nucleons and photons is the following: 


, SF lel 
da(x) 


ih =H (x)¥[o] (1) 
where A(x) is the Hamiltonian density of the system consisting of a initial 
Boson, final Bosons, and nucleons. A(#) is divided into two parts H,(=A),) 
and H,=H,+H,.. H, is the Hamiltonian concerning to a initial Boson and A, 
and H/, are of final Bosons. Each has the form gWO(typ+tpx) oF +feOrdn, 
where g and / are coupling constants of a Boson with nucleon, ¢ is the wave 
function of nucleon (¢=¢*y,), and € and 7 are the wave functions or their de- 
rivatives of Bosons. typ, Tpy, and t are the isotopic spin matrices of nucleons, 
Tre= (04%) /2, Tey=(t1—2t_)/2 and ¢ is zc, for symmetrical theory and equal 
1 for neutral theory. 


O is the Dirac matrix. Then we perform the canonical transformation 


¥la]=U[a]¥'[o] (2) 


where Ula] satisfies the relation 


2, OU[o] _ Re 
the pee H,,(«) U[e)} (3) 
By this transformation we obtain 
; ov"[a] sae iil 7 1 
the “Bo(z) =U" [o]H,(*) U[e]¥ [a] (4) 


and further, when the relation 


Up, 07 — [a o re ee gue a ’ 
| A Ae del Fg, Hi] Gace) de! [del es, 2, HG + ig 


* Generally, the identities hold also in the case rt+zt+y7. These cases will be treated in Part 1) 
. . rea in Part Hl. 
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is used, it is sufficient to calculate the expression 


rane y aye) olf dolla Wi lee (9) 
for the processes considered. According to Schwinger, we get the following 
Hamiltonian density, 


Gef (I , ” 
aS Lz [foo { S(2"” —x) O, S(x—2")0,5(4 —x!") 0, 


+ eS (4—2!") 0,5 (4" —x’) 0,5 (2! —2) O, + S(a" —2) 0,S (2 —2') 05 (x! —2!") O, 
+eS(4—2')0,S® (x" —2') 0,8 (x! — x) O, + § (e!! —2) 0,8 (4 — 2") OS® (2! —2!"") 0, 


+ €S(2—2") 0,5(4" —2') 0,5 (2! —2) 01} x U,V Wi de! doo!" (6) 


where U,, V,, and IV, are wave functions or their derivatives of Bosons, U, of 
initial and VY, and VW, of final, and O,, O, and O, are Dirac matrices. e equals 
to 1 for neutral theory and —1 for symmetrical theory. 

Applying the Schwinger’s expressions for the S and S® appeared in (6), 
f7 can be written in the following form, 


H=H,+ Ay + Am + Ary. 


ne ¥Ggf : 7 10 10 0 
Fi= — posta SP(O10.0.+ 0,0,0,) || (ae) (a ) (ak) x 


x | dadbdeS e(&, n)e(by*)e(3*) e(RY] U(x) (x48) Wy(a—n)dbdy (8) 
Hy=— fregreer | \) c{ (dA®) (d”) (dit?) (dadbideS { Sp (O,0x740,—€0:740,0,) Le 
+Sp (0,7.0,0;—€0302740;) My + Sp (720,0,0;—€0;0,0,74) Va} x 
x e(€, 7) e(hy™) e(2°) e(R)] O, (4) V4 +8) W(x —9) a dy (9) 
Ayy=AynatAmes, Hy=My.s+Ay.s 
Peek adil tae) i [| (a2) (dk!) (dk”) { da dbile S\Sp (Oy<O.tn0r 
8 (ae)? Qn)” JJ san ; 
+ £0 372027201) ML + Sp (730027203 +E Os 7020172) Mele + Sp (71729203 
+€030,760173) Waste (§, ne(hy ye (xe) e(R)] O,(4) Va(ats) We(a—9) a dy 
(10) 


G. 
Hyut.2= — ae Sp ( Ora Osta Ost € Os7 2 Oshc OF eOi720.03+€ Os cha Orc 
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: 1) (“dadbde SBi'® e(€, 2) x 
4 720,0sta0s+ €0sp20.0sre) [{L| (a) (ae”) (dl ) [adbde Sy (8,7 


x (Bit )e (8) e(R)] U,(2) Vale +8) Wile—9) ) Fa (11) 


v 


where the suffix ® of 4’ does not mean summation. 


2 


= IGF 5 (740,r< arr e074 0ureOats)| | | (2) dk") (2) 
tiv 8 ic)? (2m) ® PT” eOo7rUs aft II 


x | daddbdeSMN Le G ye (Ril) e (2) e(R)] Ui (4) Va(e+*) Wee — 4) Bay 


o 


we iGef {| ak) (dk'°) (dk’”") [dade S{Sp(ra”7e e720 
ak 8 (Ac)? (22) {\t} Oe “2 


—€0s7,0xfeOi7a) £3 + Sp (O:7e07%eOFs— £730s720s7e01) Vs 
+ Sp(O;fp0s%a Osta — Te Osta Oat O1) My hye (E, ne(hy)e(x*)e(R) ] x 
U,(2) Vi(2 +8) W(a—9) di dy (13) 


where the suffix 7 of &/° does not mean summation. 
In these expressions the following abbreviations are used 


Slayimar paneer) 


e(x°) =exp f(atd+c) &, e(Ay)") =exp 7 (a+ +c) £@ 
e(R) =exp (—71) {ax + dxy + (ak, + d%,)?/ (a+b+c) } 
Ly= (ak, + bke”)/(at+b+c), M=L,—k,, Ne=L,—h,". 


(8,9) =exp i (A+) 


x is the reciprocal Compton wave length of a nucleon and x, and x, are that of 
V, and W, respectively. and y stand for x/—x and x—x". 

These terms are classified into two sets of different kinds, say, Ay, Ain and 
fT, yy according to the number of matrices 7» contained in O,, O, and O,, for 
the spur of the product of odd number of 7» vanishes. In the case of a 7-decay 
of a charged meson, according to its non-symmetric character of the coupling 
with nucleons, only such terms remain that. the order of O,, O, and OQ, in the 
sour is O,0,0,+Aiy.y and fTyy.3 are the terms containing 
gences. 

It is necessary to notice that i, 
Hy, Hyy even powers of x, 
the latter. 


logarithmically diver- 


and Ay contains the odd powers of x and 
We use the symbol 2] for the former and [x] for 
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§ 3. Identities I. 


As stated in §1, Dyson and Nelson have pointed out the fact that in the 
case of pseudoscalar meson, its pseudoscalar interaction and its pseudovector one 
are equivalent, and in the case of scalar meson, its vector interaction vanishes at 
least to the order of 2°. We checked these statements for our processes. Firstly, 
‘we shall consider about the initial Boson, and use (6) for the Hamiltonian 
‘causing the processes. 

(i) Cases where initial Boson is of scalar type. 

Denote the Hamiltonian for its scalar interaction with A,(s) and for its 
vector one’ with #,(s). For the cases of pseudoscalar Bosons, similar notations 
are used; Then we easily find that 


fe ae G, (A,(s) —A,(s)]+8 (14) 


a x, if; 
where 8=0 for neutral theory 


7 as (|v Vi! W,de! Sp { S(x—2') 0,5(2'—2) 0, 
c)*x, J—» 


+ §(4—2') 0,5 (4! —2) O,}— \ ‘UV, Wi dol Sp { S® (x—2!) Oy5 (2! — x) O; 


+ S(*—2') O, S® (2’ — x) O;}] for symmetrical theory. 


Sp Crrre ) contains the factor 7, and the first term of the right hand side is the 
four dimensional divergence. Since we treat only the cases where the law of 
conservation of energy and momentum holds, this term vanishes identically. 
Namely, for the neutral theory, Dyson’s statement is always established. For 
the symmetrical theory, B does not vanish generally. 

(ii) The case where initial Boson is of pseudoscalar type. //,(ps) can, be 


written 
29g ag eS ) cpheediage [lov Ww" del de!" s . ae ) 4, 2*G2 oy (fs) +B 
#2.( Ps) =—5—- he ap is Diy )) p( ] ae 1421\4 
(15) 
where 


ay —Sal_{lov; W, du! Sp {S® (a—2") 0,5 (2! —2) Ogy, + eS (4 —2') O, x 
B. OR) x. 


—o 


x S(a! 4) 750.+ S(4— 21) O,S (4! = 2) Osyg t+ eS (4 2") 0,5 (a! — 2) 7505} 
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4 (COV. W! du! Sp{ SY (x—2") 05 (2! —2) 702+ SP (4-7) O55 (2 —2) Onis 
2 S 


+ S(a—2') 0,5 (x! — 2) 7502+ €S(4—-4') OS (a! —#) Oo7s}] 

In these calculations we have used the relations — as (7.9,+%)S” 
(¢—x') =0, (7.9, +%) S(4#—-2') = —0(4—-2') and so on, and B > the i oe 
from the part 6(z—2'). When & vanishes, if we equate C, to 2xG,/x,, then the 
identity 

H,( ps) =H; (f5) 
holds. But as B does not always vanish, we may say that there are considerably 
many cases where equivalence theorem does not hold. 

About the final Bosons, if we take the Hamiltonian density of the final 
Boson V, considered as Hy, in (5), the same expression as the initial Boson is 
obtained. For example, in the case of a pseudoscalar meson, 


ao 


B(ps)=4_(<-) £2 Gf 2 _([ V0! Wi dade" Sp (++) +(p5) +B (16) 


RED ke OX, 


and the first term of the right hand side vanishes by the same reason as men- 
tioned above*. Therefore, if AS=O0, the identity relation holds between pseudos- 
calar and pseudovector coupling. 

As was seen from (14) and (16), these relations have the form 


H,=x(H,+H,) +B (17) 


where #7, stand for the expression (G,/x,)H. The significance of (17) with 
regard to the regulating method is stated in part I, in spite of that, we will 
repeat it briefly in § 5. 


§ 4. Selection Rule and Tables 


In calculating the transition processes of the 3rd order, making use of Hamil- 
tonians from (8) to (13), it is found that there is a certain selection rule for 
the forbidden processes. For example, in the case of r+—> zt 4 37° assuming that 
m* and 2° obey wave equations of the same type, we have 128 combinations in 
all. Among them, many terms vanish by taking into account the characters of 
spurs, forms of wave functions raised from the differentiation of J and 4, 
Investigation of these vanishing terms shows that if the spur of Hy vanishes, then 


the spurs of Ay vanish and if the one of the spurs of Ay vanish, then the rest 
of Hf and the spurs of {Ty vanish. 


When spur of Ay vanishes identically owing to the existence of 7s (say, the 


* One example of this will be given in Appendix 1, 
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case of the form Sf (7,7y7,),), it is necessary to examine, one of the spurs of 
fT[yn1.4- ‘ 

This fact is of very interesting and we have reached the following selection 
tules held for the forbidden processes. Namely, | 


[x] $p(0,0,0;+€0;0,0;) U,V,W,=0 forbidden 
#O allowed (18) 


[x*] SA(O,0.7.0;—€O:740.0,) Uy 8/0x_ (ViW;) =0 forbidden 
#0 allowed (19) 
In the cases where (18) vanish identically owing to 7,, then 
[x] SPC OjraOs7,O3+ €Os7307aO1) U, 0°/0%,.0%, (V,W,) =0 forbidden (20) 
A~0 allowed 


This rule seems to hold usually for the third order processes of such type 
that the Boson interact symmetrically with nucleons. Together with the identi- 
ties stated in §3, this rule indicates us the forbidden processes almost perfectly.* 

The results of adopting these two relations are listed in Table JI, II, III. 
Table I is for the processes (a) and (f), that is, r*+—2*+7°. Table IE is for 
(7), that_is, r+» 2++4r°. Table III is for (6), namely c°+7°+y. In these 
tables G and F stand for the coupling constants of a t-meson with nucleons, g 
and f of a z-meson, and e of a photon. And, for example, in the case of a 
pseudoscalar meson, suffix 1 stands for its pseudoscalar coupling and suffix 2 its 
pseudovector one. And so in other cases. .S means that the term is allowed 
for symmetrical theory (r=rt,) and JV for neutral one (r=1). 

It is easily seen that S and MW are mutually exclusive. In Table III, this 
distinction is not necessary, since the only allowable choice is t=T,. 

Div and Fin are abbreviations of “containing divergences” and “ containing 
no divergences” respectively. Of course, divergences are of the order of logari- 


* It can be proved that the relation 


SP (yars-----TpTv) = SP (trp 157) 
holds in our case. Since the orders of matrices containing in the selection rules are opposite in the Ist 
and the 2nd terms except the order of matrices: involved in O,, Og and O3, when the order of 7-matrices 
included in O,, O. and Os are interchanged in the 2nd term of the rules, then the 2nd term becomes 
equivalent to the first but for sign. As the O; whose sign is altered by conversion of the order of its 
factors is 7s7~) TpYv» and ysTyTv, therefore, the 2nd term alters its sign when the number of Ysru» THT vs 
YsTuTr» we call this number “A”, is odd and does not when KK is even, if we make the order of y- 
matrices of the second term opposite to the first. 
Therefore, we may say the selection rules more simply as follows: 
[KX] zs forbidden when K is odd for e=1 and K is even for e=—I, 
[K°] ts forbidden when Kis even for e=1 and K is odd for e=—1. 
However, as is easily seen, this rule is less satisfactory than the above, and is, so to speak, the 
necessary condition and not the sufficient one. 
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32 
thmic. Symbol * denotes that it vanishes by identity relation (this is, the case 
of B=0). 


In the case of r*— 7*+7, the rule mentioned above does not hold because 
of the absence of symmetry. Symbol e denotes that the identity relations hold 


between those terms. 


Table I. rt—onxt+r® (P-xt+27) 
——— SSS SSS —S—ESTwTwreewm 
loan | Gar | Ger | Gah | Goh | Get | Gah | Gah 
sests |ND @)|SD@)|/SD@ | —* |SD@/ —* — | s2 
sopstps | ND (1)| ND (0) | ND @) | ND (1)! SD @) SD (@) ' SD @)/ SD @ 
psrsts _ — — — a | faa ! 7S 2 
psops+ps —_ “ =, | — | a aaa | = ie 
sov+y | NF (1)| ND (@)| ND (@) | ND @)/| SD @ SD (@) SD Q@) sp (0) 
s+put+~u | ND (1)| SD ()| SD () | ND (1) | SD @) ee es 
psovt+u | NF (1),.J ND (0) | ND (0) | ND (1) | NF (), NF (1) | NF (1) | ND @) 
popu+pu | NF (1) SD (0) | SD ©) | ND () | NF @. SD @) | SD @) | ND @ 
vosts | SD (0)| — si PO be —* — | sD q@ 
v>tst+~s | SD (0)| SD (1) | SD (1) |SD@) — |SD@)|sSD @| sD qd 
pu-rs+s — ~ > Jj) =) SED "fl  — hol 
pups tps = - - | - SF (@)| SD @/| SD @/} sD @ 
vovte | SD @)| SD (1) | SD (1) | SD @)| SD @)_ SD @)| SD @ | SF @) 
vopu+pv | SD (0) | NF (1) | NF (1) _SD @) | SD dd) | ND @ /ND (0)! SF Qj) 
pouty | NF (0)|NF (1) | NF @) ND | SD) SD @)| SD @|! SF @ 
popo+fo | NF (0)| NF (1) | SD @) | ND @)| SD @) ND @) ND @)| SF @ 
Table I. rt-+zt+7° 
sosts SD (0) | SD () ee? Sai" ty Tas | 
oe, “i "A * nd ake prs SD @ 
smU+s —* cone vane | ead om a 
soputs 2 ao arene 
. — a i wente as oda ee ND qd) 
s+ ps ND (0) | SD (0) | SD iN 
So e He ) oa | ai ND (@)/ SD @)| SD ® 
fsutps SD (J) — —* sD - : yg 
i | @) | SD @) —* SD 
ps ae 7 = = — i a SD a 
USTUV 
os ND ©) | ND (@)/ sp q) / SD @) 
pit ND (©) | ND (1) | NF @) | ND @ 
eo SD @)| SD @ | sp @|sF @ 
pacakbo NF @) | ND @| sD @| SF @ 
re, SD © |NDd)/} -—* | sp @ 
pal SD () | ND @)| sp @)| ND @ 
gs NF @)| SD @ | ND @) | sF q@ 
SD @)| ND ©) | ND © | sF qd) 
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Table III. 19+79+y7 
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Gigie | Giger | Geosye | Gr gee Gye | Gygee | Gogye | "Gagne 
Sastry a —* _— — vo>sty | F (dy) — D (0) o— 
ALS +7 7 = cit Sader FE Dale Fye® | Dan) (1) 
wo sty Ty my _ pe alli out Sct — aoe Lie 10) v7 
ps ts+7 3 a = Seeger 7 = - D (0) (1) 
Sov+y | F ()/D (0) — = v>U+r7 — — — — 
Ber po + 7 = D (0) ae = voput+y | F (0) — Bieskt) = 
Bovt7 | F G@|D ©)F ©] F @) i moetr| F ©}]F @ Fame = 
| D fur put+r 


(Notations) 


GD. can. S (Div) S Forseid>. 2) S (Fin) 
ee N (Div) DE hk teboet- N: (Fin) 
(Oe: [x!] Tae [x] 

§ 5. Identities IT and Regulator. 


There is no need to consider the problem concerning with gauge covariant 
except in the case (0), but if it is remembered that the non-gauge covariant 
term appeared in the problem of the 7-decay of a neutretto has its origin in 
e pathological nature of 4-function, it is consistent to use the regulator removing 
he non-gauge covariant term there also in our cases. Further, we may adopt 
the identical relations as one of the guiding principles, that is, because of proving 
formally of equivalency before the direct calculation in the case of scalar and 
pseudoscalar meson, the following standpoint may be employed, namely, the 
terms which do not satisfy the identity must be removed (of course, in the case 
B=0). The suitability of these principles are yet more or less questionable, 
because as was shown in the previous paper”, the proof of equivalence theorem 
is not perfect owing to the pathological nature of 4-function. In this section, we 
will explain these by some examples. It is remarkable that in the case (0), 
identities always hold as long as thé scalar and pseudoscalar mesons are con- 
cerned. Its proof is very easy and will be not touched. (The conditions for 
regulator to remove non-gauge convariant terms are used in this proof). 

When &=0, as shown in the Tables, there are two different kinds of equiva- 


lences (we will exemplify about a pseudoscalar meson), one of them 
[2] =2x[z'] (21) 


And others 
[x] =22 [2] 
As mentioned in part I, there exists some ambiguity in the application of 
regulating method. Here we will use the relation A,=2xH, or Gi= (2x/x,) Ge 
for letting the equivalence theorem hold. 


a ee 


34 S. Sasaki, S. OnepA and S. Ozaki 


1. Identities of the type [z°]=2x[2'] 
Equivalence theorems which held in the 7-decay of a neutretto, viz. M7 +7) 


and also some of them held in the case of r*—>2*+7°, r*—2*+7°, and 7 *—>3t* 4-78 
belong to this type. One of the examples is previously stated in other places, 
and it is shown that there is a térm that does not satisfy the identity relation” 
even though it converges, but, is probably ambiguous, and has a gauge covariant 
form, and removal of which requires the further condition jy (x) / Vx)dx=0. The 
same situation is shown in the case psov+o(t=—~27=+7") when G,gf andj 
Gog J, are calculated (neutral theory), and seems to be the common nature o 
the identities of this type. The latter example will be given in Appendix 2. — 
2) Identities of the type [z']=2x[z*] : 
This type of identity is discovered first in the case t°—z*°+y7 (Table III). 
For example, we will pick up the cases G,g,e and Eke of. ps—v+7. 
As the transitions treated here are, of course, the cases where the law of 


conservation of energy and momentum hold, we may replace []}*=30°/d2,° by x2 


and 20,V,0,4;, 20,U0,V,, and 20,U0,A, by (x°—z,*)V.A,, —(x2+x, Ul, 
and (x,°—x,") UA, respectively. Applying these relations, H,(ps) and 4&,( ps) 
can be written in the following forms, 


JE 6 =, Gat s ao at I aw Ww “a 
(As) £Qx } ae SPT s7 727 Tu) Pp | te cos w+ F 
lt : err ah ae ° du 
eer ‘Laat Bd de ot 
uw x 


(1—w) (4+ 8u—6v—v? + 810) 28 — (2-20 4 Qu 4-408? Qu?) 2 
e e 


an, Sa ae 
1+ 7 = =o x, 
24° x diel! tera 
—____—*Gaf0e 1 
Hi, ( ps) = BQzn)*x, (ae? SP (Ts7po%e7n) 34, Xpe Joep + Pea Ka ja {2 — xX 


x l—y oo 2 Me Ret 
[« ve +u—2Qu*) . qd | FE eteeFen ae [ du. 


(Heo) yt ele a | A i eS Mar oe 
[ 2 9 2 (l—-v?+u—xuv ee 


14 (ite) —s) 4." lav ae 
22" ¥ 42 2 


x 


(24) 
As the first and the second terms of H;(~s) are dropped out by je@) log 


|x| adx=0 and \o()de= O and the first term of H,( ps) by | ¥x@ xo(x)dx=0, it is 
, a 


| 
- 


| 


—-— & ee ok eet ee ee 


Hears. 
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found that equivalency holds between the terms proportional to x,°/x° and x,2/x# 


of H,(ps) and H,(ps). 


; GZ. Din Like ake 
Hi, — 18 2 S ae Jee . 7 ( 7 a4 ) ¢ 
1( ps) Ton" ( tic)? P(Ms7p7oTeln) UX, ase Be re (25) 
Gy Zoex os! Oe Pe PSS an ee 
HOR eo Cae eye U po =¥- (#8 =) 2 
(25) Sn (hc) 2x, P (Fs7eTo7eru) UX> zc ee un (26) 


Therefore, if we put G,=(2x/x,)G,, obviously 4, (ps) =A,(ps) holds. 
| Of course, the identical relations hold for remainders. If we apply the con- 


dition \(e (x) /“x) dx=0 for the second term of (24), the identical relations are 


destroyed in this case as stated in part I. 

3) Discussions. 
| For removal of the descrepancy with regard to the conditions of regulators, 
as mentioned in Part 1, we make use of the regulating method such as to re- 
gulate the both sides of the equality with the same conditions. 

Among the two alternatives mentioned in Part 1, the method in which A, 
is regulated after multiplying x is employed because of its easiness of computa- 
tion. Truly, identity has the form H,=2zxH, in every case and x appeared in 
the right hand side of the above relation should not be discriminated from the 
one to be regulated. 

As we have tried to standardize x for letting the divergent or conditionally 
convergent terms caused from the singularities of 4-function separate and drop 
them off, it is supposed to be natural that if x of the right hand side of identity 
were overlooked, the terms which should be removed become uncertain. This is 
undesirable. 

According to the above consideration, identity [x°]=2x[zx'] gets the form 
containing even power of x in both side and [z']=2x[z"] odd power of x. 

The terms which do not satisfy the identity but is gauge covariant in the 


Ease 1) can be removed by the condition \e(x)dx=0 (x=m’'c?/h°?) and the terms 
do not satisfy the identity in the case 2) can also be dropped off by the condi- 
tion Nis xp(x)dx=0. This treatment is confirmed by the following consideration : 


[x°] has less power by 1 than [x'] with regard to x, therefore, the terms con- 
sidered to be of the order of x” at first sight in , in the case 1) are actually 
of the order of x~"-” after multiplied by x. This seems to be the reason why 
the identical relation holds between the term of the order’ of []’/* in H/, and 
the term of the order of []‘/x1 in 4%. In the case 2) such situation does not 
occur. 

Or, if we notice the fact that the differentiation of the wave function is 
equivalent to the differentiation of S (x), and the differentiation of S() has the 
same dimension as multiplication of x, the procedures mentioned above are easily 
convinced. Under these considerations, these may be extented to the cases where 
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B-=&0 (scalar and pseudoscalar mesons). After all, we may conclude as the 
following: if we admit the following conditions imposed on regulators, 


[eo ax=0, [xe@)ax=0, io log |x| dx=0, |xe@) log |x| dzx=0, 
"Vap(x)dx=0 (x=m'2/#) (27) 


and regulate H, always after multiplying x, then, as long as our cases of transi- 
tions are concerned, the identity and gauge-covariance can always be established 


automatically and consistently.* ; 
§ 6. Decay life time | 
Up to the present knowledge of the experimental data, the values of coupl- 
ing constants and the masses of t° and 2° mesons are not yet known. 
Therefore it is impossible to evaluate the decay life times precisely, but we 
estimate them by assuming that G~°/ic ~ 107°, x,°=z,==285m, x~°=600m,, i 
order to study the order of life times in such processes. These choices are due 
to the experiments of Rochester Butler (r’+z*+27-) and L. Leprince-Ringuet 
(c~ yields a star). Further we have supposed that the process r*->z*+r° may 
occur. We will reckon the life times about the several examples.** 


(ex.1) Gigif, of sops+ps (Table I) 


ge Ey uvw |” oe cos w— Ori UVW 
(x)? (ec)? ow ad Ma 


Gigi niko Line xG, oF; 
+ 1181/1 2 b U 124 1 
2 (27)* (hc)? x 3. # ) ae, g 


SY EES =) 

oe a ee 
The first term is dropped off by the condition je) x log | x | dx=0.*** 
The life time due to each term is the following : 


ete Re ae 


tT'=L (from the second term) 


a 1 Ry 1 2\2 ' 
T, ‘= (2 NS are x. ) : 
4 x x a : 


3 


* . . ’ 
As stated in part I, if we employ as the identity A= (2x)-! As, then the further condition 


Joc /“xdx=0 must be added to let the identity hold in the case 1) however, in this choice, th 

4nd and the 4th condition of (27) is unnecessary for the 3rd order transition acted a 
** We calculated the decay life times only for the symmetrical theo: x y 
*** As stated in 35, A is regulated after multiplying x. os : 


On the Decay of Heavy Mesons. IT ot 


cot= 1 (= ot 1 as a 
eGo eh 30 a) - 

where oa ia i i ane devas V8 aes 

82° (ac)? me 

(e1.2) Gigifz of s>ps+ps (Table I) 

PAG hfs Taser 

2 (27) 2(fc)? 
xGy oiJ; a( 208 304 o 23 ) 


COs @& 


2 (27)* (dc)? Sie ks 1B) 36 
—St/1 _ 9x (2 —= 4 “t )+...... 
12 (2z)*(&c)? x x! 
where b= 82 2x 
BS x; 


The first diverging term is dropped off by the condition je) log | x|dax=0, 
and this condition together with the condition \e(x)dx=0 also remove the 2nd 


term. The life time dtie to each term is: 


2 annie 2\2 
t= 1 ral fo Xn -= na ) T (from the second term) 
x 


64 Lares 
3 1= ee 
144 


The numerical values of these life times are listed in Table IV. 
(ex.3) Gigi f, of S>S+S (Table I, and Table II). 


Table IV. (in sec.) 


ae ¥ | (B) 3.5 x 10-18 0.9 x Lo-14 2.3 x 10-1 
bea ai (A) 1.56 x 10-2 0.32 x 10-18 0.25 x 10-"4 
ex.1 | 
Ae (B) 6.5 x 10-18 1.6 x 10-14 4.3x10-1 
ig (A) 2.9 x 10-2 0.7 x 10-18 0-45 x 10-14 
A A 0.31 x 10-20 1x1lo-l" 
Sai al toate | (B) 0.5 x 10-18 1.6 x 10-1 
ex. 2 - 
0 (A) 0.56 x 10-20 1.8 x 10-17 
a 3 a es a 0.9 x 10-18 2:9 x 10-15 
ttont Tie ee 0.96 x 10-19 2.1 x 10-16 7x 10-18 
ex. 3 Pnrt+nz- 0.78 x 10-19 6.0 x 10-16 0.9 x 10-12 
tt—+nt+r 4x10-!7 4.8 x 10-14. 1.68 x 10-!0 


(A) is the one obtained by putting go’/%c=1/10 under the relation £y=2x| xn So 
(B) is the one without using the above relation. 
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Only the numerical value of the life time is listed in Table IV. 

The first column can be removed by the regulator conditions \log |x| p(x)dx=0, 
and \x(%) de=0*. The second column may also be removed by the conditions 
M je) ax=0 and je) log | x| dx=0. 

(ex. 4) G.g,% and G,g,F, of vopstv (Table IF). 

Hamiltonians of these processes are given by (A,8), (A,9), (A, 10) and 
(A,11). Their life times are the following: . 

Gig,F, (A) 1.5x10-*sec. from (A, 8), 2.0x10-* sec. from (A, 10), 

(B) 1.2x10-"sec. from (A,8), 1.6x10~*sec. from (A, 10). 


Gog, F, (A) 0.4x10-sec. from (A,9), 2.8x10-“sec. from (A, 11), 
(B) 0.3x10-"sec. from (A,9), 2.5x10~"sec. from (A, 11). 


These lifetimes depend strongly on the masses of t*, =~, and r° mesons 


Therefore, these values are not reliable since the constants adopted are not 
actual, but still these values are considered to be too long. These facts mean 
that this process can not occur actually. : 

Furthermore, we may, possibly, say that the lifetimes listed in Table IV 
except (ex.3) are too short to consider to be reasonable values. Therefore, to 
explain the decay phenomena without discrepancy, it seems to be better to pro- 
hibit them. Ex.3 is the process to make the explanation of Powell and other's 
experiment possible by assuming the two successive processes t*—->2*+r° and 
Dnt a, ] 

The authors have to acknowledge many people particularly Messrs. Y. Miya-_ 
moto and H. Fukuda for their valuable advices and discuss:ons. 


| 
Appendix 1.** | 
In the case of S>S+S (r*++x*++n"), the term G.g,f; can be written after 

the same, calculation mentioned at § 2, that is 
XG. Si fo ay av 
An* (Ac) "xy 0%, OX, 
SierGy gif; aU aV 
87° (hc) *x,x, OX, OX, 


W 


x 
W | aa 
=i 


es 9 
du nt pee ae iy) (eee 
1 14-t Ss) tn 4 (=v) =x) x lad xf 
sai x 2" ec 48 8 
—*G:8ifr, _0U_ y aw 


1 
Sa(Ac)xx, Oz, dx, J ‘im! 


” Obeying cis procedure stated in 35, these are regulated after multiplying x. 
The following examples are calculated in the neutral meson theory 
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7 (l—v—x) (3 Pog et (1—v) (l—v—2) pice (1—v) G99) = 
2 


| 1 @& y+ Gitv) =x) Xn 4 seeds sh) Xo inv xt 
| 2277 x 2Q" xr AU 


(A-1) 
and this vanishes identically after performing the integration of wz and v. 
Of course, the first term must be dropped off by the regulating method. 


(fe) dax=0) 


The same result is obtained for the case Gi fife of v-sts (t*-—>2* +7°) 
except that the factor (G,/x,)0,U should be replaced by —G,U,. Therefore this 
term also vanishes and these facts seem to give one of the supports to the proof 
‘stated at the end of §3. 
| Appendix 2. 


As another example of the identity of the type [z°]=2z[z'], we will show 
the processes G,¢,f, and G,g,f, of t°>2*+27, when t-meson, is of pseudoscalar 
type and z-meson of vector type. The Hamiltonian densities are 


G1 aa, AV, ow, 
ae ae a oh *Talp) 
; Tn)" (da)?x T-FsTut vials) ax) Oat 


(142) (1—w) "© + (1-2) 1—-n) a et 
x {1 = sl4 v| = 2 ve 
; @ , Gtr) Uz) x5" + =2) G=2) xe Iv oe 


ou? x Qu? x 4y? = x7 
(A-2) 
aVv, aw, 
Fo Es hlee_ Tg rp rirere) UO OO x 
£ dan)" (hex oN OS ETETED, By, OE 


(2—x) (1—x) (2—xu) (1— 1) 2 


Stale eleven Een 
l—u ay Pg hee et 


2 # ae 
(1—x) (2—3u— SED apa ays + (1—) (2 T=227) 4 
- ACEC) x, (1=v) =) Me Le ke 
2u* be 20° a Ant xt 
(A:3) 


Obviously, identical relation does not hold between the first terms. The second 
terms become respectively 


__ iGigh LACUS (Ea ar a Men S| 
y= 48 (2n)22 T.rsTa¥s piv) bx. Ox, (es yee =) 
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pera eey hie T. U AV, aW, 2a tet ee) A-5 
= 94 On) eg (FsTe¥sTuTv) Art ae ea eee (A-5) 


Therefore, if we equate G, to (2z/x.)G,, H,=H,. This equality holds for 
the remainders. If x,=0, x,=0, these turn to the case of the 7-decay of pseudo- 


scalar neutretto. 


Appendix 3. 

As an example of the case where the vector meson is concerned, G.sil4q 
and G,g, F, of tt+z*+r° when t is of vector and = of pseudoscalar are picked 
up. 


peel 2 - vg, oY OW y 
v 4(27)*(dc)?x Te olay ate 77 Ox, dae 


l= 22 


wfc foe ae eae 
2 =i 1 His 4 (itv) d—z) * 4 CoC). a Tae x 


Qu" Qu" ne ro, 
(A-6) 
] 

r Ge Ei; aV ay i Mme 
1 8 (27) 2( he) *x, 7. GretsTeTee a ax, 2 cos Pom | 
free ear —3u) *# i (2—x) (2—3u) | 
we fk oe oe ae =a ee 14 l-u x E afuel ox . 

we wx 
(lw) @—3u—2) + (1 ot —2u— wat) . 
* 
1 Ge) C= wr a Tsay) a laf ee 
22 r 2u* = 4ye 
(A-7) 


The first term of (A-7) can be removed by the condition je(x) log | x| dx=0. 

The second term of (A-7) and the first term of (A-6) may be dropped off 
by the condition {(x) log|x|dx=0 and \e(x)de=0. 

The second term of (A-6) is 


16,8, F ov” aW, ; P F 
LAVseVsTutr) Ow x (24 =e =) 
~ Gace)! Gay's eT) On ae ( ia (A-8) 
The third term of (A-7) can be written : 
__ 165 Ry Fy ov 
Te rerepeteti) Beg af 
ESOS ES WT) Oy (Be a ay (A+9) 
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The third term of (A-6) reads 


ia : es x De (Ts¥eta Tuts) Ow ae 
oe en, + yet ik I) 0) 
The fourth term of (A-7) becomes 
tte PiGeidereri yee a ae 
Eetes seeRetE am 
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Introduction 


Several authors have recently made many interesting considerations about 
five-dimensional spaces, so we have studied the spinor transformations in five 
dimensions, connecting van der Waerden’s and Brauer-Weyl’s standpoints.” 


§1. Spinor transformation 


Let us consider the linear transformations of five variables 2, ...... » 4, which 
leave 


aptrxetre—xet+rxe 
3 4 5 


invariant, and call it as de Sitter transformation. Brauer and Weyl showed that, 
if we have five matrices satisfying 


P, Pit P, P=29;,F 
where &u=Sn=fs= —Su=So= bl gy=0 (HF) 
E: unit matrix 


there exists to any de Sitter transformation (a,,) the spinor transformation S$ 
with the correlation 


SP; ST= 3) ay, P5, 
3 


ie they gave a concrete representation of /,. But we adopt another representa- 
ion of , in order to connect Brauer-Weyl’s and van der Waerden’s standpoints 


and to obtain van der Waerden’s form of spinors when the transformation reduces 
to a Lorentz transformation, namely 


aan a 0 0/1 0 OG 010%; 
pate 2 |. ee 0 0|-i 0 
We NE es , 

Weds) 00 0-110 6 —§ 610° 
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Oot ea) af At, 8 hg ea 

DEO Oe s1 0-110 9 
Te eae 

—10/;0 0 0 0 |-—10 

0-10 O 0 0;0 -1 


We can easily obtain the spinor transformations S,,’s corresponding to the 7/-plane 

transformations. ‘The most general spinor transformation, which we seek, is one 

which is produced from all these S,,’s by multiplying them in all possible man- 

ners. Therefore we seek a general form of S which comprises all S,,’s as its 

special cases and leaves its form invariant to any multiplication auigae themselves. 
In this way we have obtained 


Goce BovlesAs — -f 
fre Dy «4 Oe 


Q) 
| 
x 
: 
| 
~ 


In the same way, we have obtained, as the form of the inverse transforma- 
tion of S, 


6 -—f —y 

a 
T= 

=o fs a ik 

vy ray ie ee t) 


In order that 7 is exactly the inverse of S, it is necessary that 
wl esd Sea. 


Thus we have the following conditions between the elements of the matrix 


S; 
a0 — By —Ao + pr=1 


—av—fio+ vA + du=0 
4G + 13 =real 
yy +dc=real 
or 
ad — By —ho+ pv=1 
—av—Pa+7At+ dp=0 
ao —yp=real 


OA— Pv=real 
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These conditions confine the six degrees of freedoms so that S has 16—6= 
10 degrees of freedom. Indeed the de Sitter group 1s a 10 parameter group. 


We can easily verify that 
det S=1. 
Forming the matrix 


X=4,P, + ePo + ,P 34+ 2Pi+45Fs 


Xs 0 Ket Xs 4, +14; 
0 4s ty— tts —Xo.+4; 
= , 
Lo— X45 4,+14; —t; 0 
41 — 1%; —4o— 45 0 —+t; 


its determinant becomes 
det X= (474+ 4°4+7;,—-47+2;)*. 


We dan easily calculate the transformed matrix Y from X by S, and then 
we see that it has the same form as X, 


Ws 8) Vat Pit tys 
yesxstat Ps eo 
Vo-Is Nts 3s 0 
IN s —I2—-Is 0 —Is 


and that the transformation r—y is a real one and the coefficient corresponding 
to #47, is positive. From 


det Y=det Y 
it holds, 
IEAIVe +8 —IE+IS= + (afta t+23—zxi +22). 
According to the inertia theorem 
WAIVE AIS Ie tsa xetaetxe—xetae 
Thus we have shown that xy is a de Sitter transformation and S is the cor- 
responding spinor transformation. 
Fixing the fifth coordinate x, we have a Lorentz transformation between 
4X1) %9) ¥3, X%, which leaves 
x +2 +24°—x%; 
invariant. From 
als Si'=P, 
We obtain the form of S; as 
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Z a 0 
sw 10 iy 
where clearly 
a é eon 
bal. Ine, ="). 
fey? ee 
and 
Ae == =—a—0 
The conditions reduce to only one, as well known, 
ad—Pr=1, 
therefore S, can be expressed by Sj, 
S3= (Sy) 3 


where the bar indicates the complex conjugate and dash the transposed matrix. 
Fixing further the forth coordinate x, also, we have a three dimensional 
space rotation between 2, %, 2%; which leaves 


tp+4 443 
invariant. From 

Se ake LP) 
we see 


Si =S,, 


so we have the general form of Sp as 


es Sh. O ir 


O_ SF 
where 
é=4, r=—B. 
Thus we obtain 
a fp 
S.=( —B a ) 
The condition reduces to 
ai+ PP=1. 


§ 2. Spinor of the first rank. 


Let us call a covariant spinor the quantity constituted of the four com- 
ponents ¥,, ¥,, 3, %, transforming according to the above obtained spinor trans- 
formation S. On the other hand let us call a contravariant spinor the quantity 
consititued of the four components @', 9, 9°, O* transforming contragradiently to 


S, namely according to 
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6 —-r|—c 7 
Sy) = - - = 
—A —p| G@ B 
=  —othe e 6 


Of course, their inner product 
(DY) =OU +P E,4+ 004+ 0%, 


is invariant. 
In order to obtain relation between covariant and contravariant spinors, we 


observe that if we have a matrix C which satisfies 
(S505. 


then CY, formed from a covariant ¥, becomes a contravariant spinor. From 
the given form of S and (S~*)’ we obtain for C 


OS; ts iota 
eet ee 

GO: ) aes 
0 9-42 Paw 


Theu we can define the operation of raising and lowering suffixes, as follows 
Aes: Gres Fr= Ca¥" 
We can also write these operations as follows 
(2), 8°, P,P) = (¥,, —¥,, —¥,, Fs) 
(Py, Fa, Ps, F.) = (— FP, F, FY, —¥°) 


As above shown, confining the transformation to a proper Lorentz transformation 
by fixing the fifth coordinate x,, S splits into two parts S, and S,. Therefore 
(¥,,¥%) undergoes S;, and (¥,¥%,) undergoes S, As for the contravariant 
spinors, (S~*)’ becomes as easily shown, 


6 -y| 0 0 
> Gz)’ 0 —B a 0 0 a 
Oo alter: sy = ot yoke 2B ite 3 ). 
0 0 ra Pi) 


so that (¥',¥*) transforms in the same way as (%5,¥%,), and (¥°, dp te 
(¥,, ¥). 
The qnantity (¢,,¢.) which transforms according to 
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S=( ? ; ip ad-- By=1, 


and the quantity (¢j, 9/3) which transforms according to 
. tae 
oS = P 
. , oO 
are the spinors introduced by van der Waerden. Thus confining the transforma- 


tion to a Lorentz transformations, our spinors become to the van der Waerden’s, 
namely 


’ 


Ce. NS Es ¥.) ar (,, gd, g', ¢°) 
(Ff, Pt ae — (¥, ~, di, $3) 


Further confining the transformation to a three dimensional space rotation by 
fixing the fourth axis too S, becomes equal to S, and 


eer) 
so (¢', ¢°) transforms in the same manner as (¢,,¢), and (4%, 943) as (¢". 4"). 
But these are all proper Lorentz transformations whose determinate are +l. 
In order to consider improper Lorentz transformation Z~, we make a proper de 
Sitter transformation by combining Z~ with #,/=—-+, Since all Z~ can be 


obtained as product of an arbitrarily fixed Z~ and a suitable proper tansforma- 
tion Z*, whose determinant is +1, we choose as fixed L~, x+/=—2,, 2/=4,(2=1, 


2; 3) 
ane corresponding spinor transformation is 
0 0 1 0 
0) 0 0 I 
Ol prs lca 
0 1 0) 0 
namely 
(F , Fo, Fs, Fs) > (Ps, Fa, Fs, Fo) 
or 


(1 fo) > (8, #°) 
(f", &) > (G1, be) 
Thus spinors corresponding to an improper Lorentz transformation is trans- 
formed by the above one combined, with an ordinary one. 
§ 3. Spinors of the second and higher rank 


Spinors of higher rank can be defined in the same way as the case of tensor 
analysis, namely as a quantity transforming according to so-called product trans- 
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7 ix i ; orms as a 
formations. For example, mixed spinor ¥; of the second rank transforms a 


product #,% of two spinors. 
i i i i In the four dimen- 
But higher rank spinors are in general not irreducible. In 


sional case all irreducible spinors can be obtained by symmetrisation, but in the 
five dimensions this is not the case. 

In the latter case, although symmtry spinors are always irreducible, all 
irreducible spinors can not necessarily be expressed by symmetry spinors only. 
Thus it is a very complicated matter to choose irreducible parts from general 
higher rank spinors, but in the case of lower ranks it can be performed exactly. 
For example, let us treat the case of second rank. 

The second rank spinors are composed of symmetrical and antisymmetrical 
parts. The symmetrical spinor can be shown to be irreducible. As easily shown, 
confining the transformation to proper Lorentz transformation, it reduces to sym- 
metrical spinors of van der Wearden as follows. {¥%,, Fy, Pa, Py, Fu, Fai 


Ps) Fis, Posy Fost —> { Pr» Pier Poo), ($7, P", F*), (Pr, P27, Go's Po) }- These three 
parts transform as irreducible transformations under proper Lorentz transformations. 

As the transformations of our spinors can be connected by Weyl’s unitary 
trick with the corresponding rotation of five dimmensional Euclidean space, the 
irreducibility of our spinors is assured by the irreducibility of the corresponding 
Euclidean spinors. Also in the Euclidean case, fixing the fifth axis, the spinor 
transformation reduces to the form 


7 me 0 
[=| 0  Waroteg 
0 0 oc 


A,, B,, C; being all irreducible, the matrices commutative with all Z® must have 
the form 


Setting the fifth axis free, nondiagonal parts of Z appear. Therefore in order to 
be commutative with all these 7’ ,a, 8,7 must be all equal and U must be a 
constant multiple of the unit matrix. 

As rotation group is bounded, 7’ is either completely reducible or irreducible. 


Therefore by the Schur’s lemma 7 must be irreducible, so that our symmetrical 
spinors of the second rank are also irreducible. 


Similarly we can verify that s 
irreducible. 


e . . . 
About the antisymmetrical spinors of the second 
same analysis. They are 


ymmetrical spinors of any rank are also 


rank we can perform the 
not irreducible and splits into two irreducible parts, 
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the one is 
(Fis, Fray Fos Foy Crt Es) 
which equivalent to a five dimensional vector, and the other is 
VP 4 


which is a scalar. The former reduces in the case of Lorentz transforemation to 
the two parts 
CR Tos F 93) Poa) exe (¢, ¢,’, g,}, ds?) 
and 
Y..+ 5, — scalar. 


In order to show these circumstances more clearly, let us write down the 
transformation explicitly. 


re ad—Ag —a7—po Pd+dv —fP7F+prv| —av—BPo Oar a, 
Py —aB+tin aétpp —BB-AL = Ba—pa ah+ pp O1| 28g 
& $m yi—ve —7y7—aa Od+vy —dF+ov |. —rr—do 0 Po 
ae rB+ye yatop —dB—vA da—ch yA+op 0 D4 
ae av—Ay ao—py = Bv—Ad- —Ba—pd ad—Py+io—p|0)|| 4+ 2 5 
viv, 0 0 0 0 0 1)|P—Pu 


§ 4. An application to wave equations of elementary particles 


Bhabha has recently made an interesting consideration about relativistic 
wave equations from a five dimensional standpoint. Though his discussion is 
made using the theory of group representation, but with our five dimensional 
spinor analysis we can investigate not only the form of wave equation but also 
the details of wave functions. Bhabha’s equation is 


{ Pe a +x} g=0, 
where 7, is differrential operator by x,, x is invariant mass term, a® is written 
with an irreducible representation of five dimensional rotation group /™ as 
follows 

a= [*, 
¢ is reduced spinor from the irreducible five dimensional spinor corresponding to 
the representation 7” by confining to the four dimensionai transformation. We 
can obtain these 7™ from our spinor transformation 


mr __ 8 Sun (9) 
2 =(s o=0 
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therefore 


hee 0 S,;(9) 
00 o=0 


a 


For example, the wave function of meson is second rank spinor, namely the 
vector meson field is symmetrical spinor and the scalar meson field is irreducible 


part of antisymmetical spinor. 
In the case of vetor meson field, we put for symmetrical spinors of the 


second rank 
Ge, os ie cn a Fas oo ee Fite) — (Faz a | ae | Fx F a; P sss F se Fs F wads 


The transformation S,;(@) of these quantity corresponding to the 75-plane 


Lorentz transformation by angle @ becomes as follows: 


2 0 0 0 ) s 0 —V¥se D 0 

0 a 0 0 Ss O | —se 0 0 —Sse 

OO gt OW SS Oe GE ee 

; 0 e 2 0 0 | 0 0? “—Whier'6 

0 2 0 0 c e) SC 0 0 SC 
WF! f 0 © On ¢ | oO “iO logan 

a ee a eee ee Te 
OF See Oy Da See LO: dae o 
VIs¢ 0) 0) 0) 0 —Wv9se 0 e—s 0 0 

0 O W%se —Vse 0 re) 0 0 ¢—3, a 

0 SC 0 0 —se 0 —s 0 0 c 

a 0) 0 s 0 0 —V2%sc 0 0 0 

0 Ps 0 0 —s 0 0 sé SC 0 

0 0 e 0) 0 s 0 0 0 WVW¥se 

e 0) 0 e 0 0 | Ve 0 0 0 
oe p * r z 0 c 0 0 SC ——se 0 

= 0) 0) e 0 0 0 —Wv2Qsc 
fie 0, (0 aftcsio oad aa 

0) —se 0) @) —sc 0 0 Pd - 0 

0 SC 0 0 sc 0 0 s Cc 0 

0 ee Ae eG 0 W2se 0 0 RE at 


ee 


weN\S 
: + 
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Cee Oe 0 eae OHV Sce 0 00 
0 e 0 0 e 0 isc 0 O —Zse 
0 0 e —s 0 0) 0 Oy 24/95 920 
tla Get On 1 0 OE ioe 20 
0 s 0 0 ; 0 —isc 0 ) ise 
SsO=| 9 0 Ge./dr. 0 TO muy 
0 isc 0 0 ~—tse 0 ce 0) 0 ° 
iV Isc =O 0 0 O iV 2sc 0 e-s O 0 
0. 27 sc iVDse 0 0) 0 c—s 0 
0) —tsc O 0 tc 0) se 0 e 
er 0) 0 he 0 0 |—WvW23s'c’ O 0 0 
0) aia 0) 6) s? O 0 —s'c’ —s'c! O 
O O "ohe 0 0) sft 0) 0 0 —vQs'c’ 
s 0 0 2 0 O |—v9s'c’ 0 0) 0 
0 ie 0 0 za 0) 0 oo) ee an) 
Ss(9) =) 9 800 0 <2 0 0 0 —V8sc! 
—vV25'c' 0 0 —v29s'c’ 0 0) cP+s% 0 0 0 
0) —s'’ 0 OFF 25" 0 0) fake ne 0 
0 =") 0 1 Fanis'g! “10 0 Ge ce 0 
@) 0 —v/39s'2 0 00=/ 2c’ 0 0 Ole ahco 
where we used the following abbreviation 
et, 4 7] 7] 
esi sr C=0s gone sea tat hl we c'=cosh it 
So we have a’, 
0 —v2 0 0 
—1 0 0) —1 
0 8) QO — v ne) 
0 0) V2 O 
ein Daas et 
y O 73.0 0 |» 
ese £02. fo acelin) 
V2 O 0 0 0 —Vv2 0 
0 0 v2 —v2 0 0 
9) 1 0 0 -1 O | 
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IN 
ore Oo 
re 
oO \;nre 
IN 
Te o.8 
IN 
S16 oF 
| 
= 
oO Lae 
IN 
~oCoeoe 


ICV IN 
oc,y. 5 OO 
I ae 
IN 
Yoooo? 
| | 
aa 
on & 0 | °c 
iat a) 
| 
me 
,;oor 
IN 
Si () 
co 
I 
oCoOoN OS 
- 
Lee 8 
IN 
o-oo 


If we put 


(F,—&,+ €,—§&,) 


ee 


&,’ =i (&+ §5) 


, ‘= 


2 


€ os 


+6, +&) 


(ites 


2° 


ae 
we, 


(€,—-F,—€,+,) 


fe 


1 
*U G- 
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Ed = Ek. &,! =z (E, +6) 
f= F5 (S,+5,—F.—€.) f/=— (Ey + &10) 
€,) = <8 (F,—€ 10) Ey=—2 (€,—§)» 


a* becomes Kemmer’s f matrix, so in these coordinate Bhabha’s wave equation 
becomes Kemmer’s type of 10 dimensions 


{Oy By +x} @=0, 


where 
0 +O ch f 
A=? Fs P2=t Oa” p3=t re Ps Axt 
0 fo) fo) i fe) 
= 4 Ck 5 CHS , ~=—— 
2 axe” xt? ®t’ 8k Ot 


Baia, Paid, Paid, p=—a'. 


Thus Kemmer’s wave functions are 
(js dae — id __ of 92 fasts oe — Gi g® 
Fs ey es Ce Pros +9 f ) & VI (fir + Poe aa ) 
§!=i (Pat ~*) é,/=—i (Y,'—-¢,") 
! 1 ii 99 7 ; ; 
Ela 7g Puta PAP) 0 b/mt (Oi+98) 


me 1 ory fil 5 Efe oy 2 
B= Sa- Gu-anF +9) i+ #0) 
fo= —2 (¢°—¢') 


Fe a P12 ee gp? 
Putting further 
P= (Fy Fy Fe) = 6 6&2) 


G= (G,, G., G;) — Ed; 5.3 &) 
U= (G5; OE, Cy) == (—€/, —€§,, —=€,) 
(]?ize — bx ’ 


these equations become the ordinary equatioris of vector meson. 


OF —curl G—xU=0 
ox’ 


div F+xU,=0 
aU 
4 


curl U—7xG=0. 


+grad U,+x#=0 


4 K. Goro 


In the case of scalar meson field, we put for antisymmetrical spinors of the 


second rank 
(m1) Na) 13) N45 PD) =< ( 5, Fas F oxy F 3 Pot F xu) 


The transformation 5S,,(@) of these quantity corresponding to the #-plane 
Lorentz transformation by angle 6 become as follows 


t 
mi = vo (71-7) 


t 
7! = Va (%. + ) 
=] 
7s! = v2 (»; + 7) 


gu dey 
pHa Va (%2—7s) 


Ys =D 


Spinors in Five Dimensions 5D 


k , : : che : 
a” becomes Kemmer’s 8 matrix, so in this coordinate Bhabha’s wave equation 
becomes Kemmer’s type of 5-dimensions, 


Thus Kemmer’s wave functions in this case are 


—2 


nv a wo (oi aa $2) 


7! = vr (he? ot ¢,}) 


i ; 5 
75 = vo" (gio + $") 


Putting further 

U= (Oy, Vy Us) = (ai te, 98) 
y=7, 
U=—y; 


these equations become the ordinary equation of scalar meson: 


In concluding, we wish to express our thanks to Professor K. Husimi for 
his kind interest and advices to our work. 
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§ 1. Introduction. 


When an electron moves through the crystal lattice, the field of the electron 
induces the local electric polarization in the lattice, which polarization then affects 
in it’s turn the motion of the electron. Such reaction of the lattice polarization 
on the electronic metion has usually been taken into account when necessary by 
the introduction of the empirical dielectric constant into the theory”. In what kind 
of circumstance is such phenomenological treatment will be justified? In the fol- 
lowing, we should like to give a partial answer to this question. The comlete 
answer is no doubt only possible by a thorough quantum-mechanical treatment of 
the dielectricity of crystal lattices, which as far as we know, is not yet taken up 
by any investigators at the present time. In the present paper we have been 
able to enter into this important problem only superficially and we hope to come 
back again to the more detailed treatment of the subject. 

In §2 we give the method of the calculation of the polarization potential 
energy of an electron introduced into the ionic lattice, in §3 we make some 
approximate calculations of this potential and discuss the trapping of an electron 
in a perfect ionic lattice, finally in §4 we give some example of cases in which 
the usual theory with empirical dielectric constant does not work consistently. 


§2. General Method of Calculation by Perturbation Theory 


The Schrédinger equation of the system: an ionic lattice plus an additional 
electron is written as follows, 


z 
———4+H, ‘\e 4 OF 
( 5 At Het Hit i 8 > (2-1) 


where the first term on the left hand side is the kinetic energy of the additional 
electron, A, and 4; are electronic and vibr 


ational energy of the crystal lattic 
respectively. SY rys ice 


The interaction energy of the additional electron and the lattice 7 


is composed from two parts, namely V= V,+V,, where V, is the electrostatic 
interaction with crystal electrons and ions 
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> > 
Vy=e/r—-r; 
a 


~SVZ,e/\r—r| , (2.2) 
Z& 


in which , and r, are the coordinates of the additional and the 7-th lattice 
electron respectively and—e is the electron charge, r, is the equilibrium position 
of the £+th ion in the /th unit cell, with its charge Z,e, 7 is the abbreviation of 
the three cell-indices : 7=(Z,, 4, 4), V> is the interaction of the additional electron 
and the polarization field induced by the lattice vibration: 


V=—eW(r), (2-3) 


where the polarization potential ® is to be calculated by the Poisson equation 


from the electric polarization P(r) : 
AD=4n div P(r). (2-4) 


Finally V’ is the similar interaction of the crystal electrons and the lattice polari- 


fp 
zation. Now the contributions to the polarization P(#”) come mainly from the 
modes of lattice vibration of longer wave length, and as we concern in the follow- 


ing with the diatomic ionic lattices, we put 


P(r) = (Ze/4) (u;—u!), (2-5) 
the unit cell of volume 4 contains two ions of charge Ze and —Ze, displacements 
of which are denoted here by au? and ud respectively. In (2-5) ui — Ud is 
assumed to be a continuous function of the position of the unit cell 2 

For the harmonic vibrations of the lattice, displacement of each ion can be 
decomposed into the normal modes of vibration as follows 


> Asncs! >(k) aol * 
ui,=1/VG? wpe at 7) OXp 797, +47, exp ~ign, iF k=1, 2, (2-6) 
a 3 


where G* is the total number of unit cells, es is to be calculated from. the unit 


vectors of polarization for the normal mode with the propagation vector q, belong- 
2) 


ing to the 7-th branch of vibration as follows, 
for the optical branch, /=1, 2, 3, 
ePa(VpE /Mery, @=—(V En /Mery, (2-7) 


and for the acoustical branch, 7=4, 5, 6, 


py = (1/M, + M,)*e*, 2 k=l, 2 (2-7’) 
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where W, M are the masses of the positive and negative ion respectively and 
: 9 : . 
p= (1,M,/M,+M,), further, 2%; and a>, are the quantized amplitudes of the normal 


modes of vibration (q, 7), of which only the following matrix elements differ 


from zero, 


(V%5 | a7, N2,4+1) = V4/20%,(N Gt), (2-8) 
: ze itp > ATS Qf 
(N%, | a2, Ny—D = VERON os» (2-8') 


where WV%, is the number of phonons of mode q, j. From (2-3), (2-4), (2-5), 
(2-6) we find ; 


2 Ani 1 * p 7 * ist 2 9 
V.= Z * —— exp 7g@7r — a> exp —7q7?r}j, ( ) 
ae, v Cn = {aq exp 7q * =p r; 
and similarly 

Vix Zé* Ant sis! #2 de {ag exp igr,—a> exp —7@7;}. (2-10) 


4 VG ts q 


Contribution to these potential energies comes only from the longitudinal waves 
of the optical mode, the amplitudes of which we now denote simply as a7 and 

As well known, the electric polarization of the ionic crystal lattices is induced 
from (1) the polarization of the charge cloud inside each ion and from (2) the 
relative displacements of the positive with respect to the negative ions. As will 
be seen from the following, in the language of the quantum-mechanical perturba- 
tion theory, these two mechanisms of the polarization can be explained to come 
from (1) the virtual excitation of the electronic states of the lattice and from (2) © 
the virtual emission and reabsorption of phonons. It is noticeable, however, that 
in the higher stages of the perturbation calculations these two modes are mixed — 
up and we can no longer separate them perfectly. 

To solve the Schrédinger equation (2-1) approximately, we put 


V=$(r) O(a, 4%, Xy ***)¥(Q) exp -—. Wt, (2-11) 


where ¢, ® are the wave function of the additional electron and crystal electrons 
respectively and y is the wave function of the lattice vibration. We neglect the 
exchange effect of the additional electron with the lattice electrons and 4, sym- 
bolizes the all coordinates of the i-th lattice electron, Q means the vibrational 
variables and IV is the total energy. Inserting (2-11) in (2-1) and multiplying 
(2+1) from the left with @*x*, +*$* and ¢*@* respectively and integrating over 


the respective coordinates, we obtain three Hartree equations for the wave func- 
tions ¢, M and y, namely, 
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{ —#2/2md + | OXy* VOydxdQ—e}(r) =0, (2-12) 
{H+ Sy*y*VypdOdr—n} 0 =0, (2-13) 
{H+ ¢* O* Vb0drdx—C}y=0, (2-14) 


‘in mich £, 7, € are the energy of the additional electron, lattice electrons and 
the lattice vibration respectively. For the ground state wave function of the lattice 
electrons 9, and for the wave function of the WV-th vibrational state Yn we put 


P= P+ OO4..., (2-15) 
and 
Lw=APtAV +o, 


then by the perturbation calculations we get from (2-13) and (2-14) the follow- 
ing expressions for 9 and yy, 


D,= OP + [SPAS § [OO YO" VOM LdxdO/ (q— 1) +++, (2-16) 


YO + I yrgary §§0* QOr* Vy OM AQdx / (CO—CM) + (2-16’) 


Thus substituting (2-16) and (2-16’) into @ and y of (2-12) we obtain the 
equation for $(7) : 
{ —#/2md + U, + U,+ U;*—e} p(F) =0 (2-17) 

with 

Ty (7) = SSOP P* VOM Pax dO , 

U, (7) =f J G*YP* VOM YOdxdQ 

+ SOP YO * VOM Yar dQ , 
where the effective potential U, is that for the unpolarized lattice and U,+U,* 
denotes the reaction from the lattice polarization. 
§3. Calculation of the Polarization Potential. 


As is mentioned in §2, substitution of (2-16) and (2-16’) into (2-19) 
separates the polarization potential U,(7) into two parts: 


U,+T F=f VO) U1) +08, ”) har’, (3-1) 


>> 
in which U,(2,2”) which comes from virtual phonon emission is expressed as 


follows, 
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U(r, P) = (S| O® [dxf yr Vir’ x9dQ) * 
Nr 
x (J | O [Pda YO V(r) YAO) | (CP—CB) + com. compl., (3-2) 
while U, (r, r) which comes from virtual electronic excitation is given by 
U. (9, = SY (19 AOS OP*V, (0) OMe) x 


x (| x2 °AO§ OP*Y, (7) Pax) / (GW —y®) +cony. compl. (3-3) 


Substitution of (2-9) reduces (3-2) to the form 
( Ze? \? (An)! =? xp ig, pee (N?+1) exp —ig, r—1"} +conj. compl. 
4 2uG* . g wg 


thus the terms with /V%-factor cancel out and we find 


2\9 *\ 9 eer) pS, Soe Es 
ay a + texp ig, r—r’ +exp —ig, r—?’}. (3-4) 
4 2uG* 3 FW, 


U(r, 7) =—( 


Making use of the Debye’s approximation for the vibration spectrum, we put 


' 
' 


CT G'd 
eC) 


{f---g’dgd@, g=2n(3/4nd)"", dQ=solid angle element, 
0 


and further we neglect the change of optical mode-frequency with the wave length; 
putting wZ=«, (Restsrahlfrequenz), we get 


>> 


U2, 92) So BON SS) \ sin 6/2dé. (3-5) 


On the other bands (3-3) can be simply transformed to 
U(r") = SY ({ OP*De/| 7? 4, | Pde) (SON*S/|r—r,| dx) /G—y) 
+compl. conj.. (3-6) 
Before getting into further reduction of (3-6) we notice that from (3-1), 


(3-5), (3-6) it is shown that the lattice polarization becomes the more prominent 
as the modulation of the electronic wave function b(r) from the plane wave form 
becomes more and more stronger, until finally our perturbation calculation becomes 
meaningless for sufficiently large polarization. We should like to remark further 
that U,(2, 7’) _ behaves for | "> | > lattice constant as |r—o |"? and becomes 
constant for | r—” |<Jattice constant (Fig. 1), but we must remind that in our 
treatment, the detailed behaviour of the potential inside the unit cell has been 
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eglected from the beginning (cf. (2-5)) and thus the constant value must be 
nterpreted as the average value of U,(7,7’) in the unit cell. 


ie a 
| r—r’ | 


Fig. 1. 


To make further reduction of (3-6) we construct the wave functions of the 
crystal electrons by the Bloch’s tightly bound orbitals : 


é2.=1/VG S4,(r—rh) exp shri}, (3-7) 
l 


where ¢, is an ionic orbital, k is the propagation vector and S, means summation 
with respect to the cell-index 7. Neglecting the overlappings of the different ionic 
orbitals, and assuming that the most prominent contributions come from the ionic 
dipole transitions, we get after some simple reductions 


U(r, ”) = eee B31 exp ile i’, r—r)/|k—B|2x 


x2 S333 $8008. ae /I2.— Nh)» (3:8) 


where the summations with respect to s and-s’ are to be carried out on the filled 


and the gropty, bands respectively. Disregarding the energy spread of each band 


we put IF —15,,% 1 — 5 we can further simplify (3-8) to the following form, 


Ue Y= BAT (BE. Pg —a))4/P—# aya sin #/6d8, (3-9) 
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with g=27(3/474)””*. 3 <b os snes 
Remembering that 2,=Z7°e°/4po;, and pe=2/A DD | fore. |?/ Ga— a) 


s sf . _ 
are the polarizability per unit volume of the lattice, each arising from the ionic 
displacement and the polarization inside each ion respectively, (2-17) can be 


written in the form 
{—#/2md + U(r) —S\oP)Fr—r)ar’—e g(r) =0, 2-17’) 


with 
> > > > Tr a . . 
F(r—1) =42($,42.)2/8-2/|r—r" {isin e/éde, (3-10) 


and U,(r) is the periodic lattice potential. In the limit of continous medium we_ 


put 4-0, g— © and get 
F(r—r)>(x—l)é/|r—r'|, (3-11) 


if we put x=1+4z2(p,+9.). x is the dielectric constant of the lattice for low’ 


frequencies. 
In this limit (2-17) becomes 


{—#/2md + U,—(x—1) fe/|r—27 |-| PQ") *dr’—e}h(e)=0. (38-13) 
Similar equation : 
{—#2/2md + Uy— (1/x%—1/2) fe/|r—2” |-| oP dr’—e}p(r) =0, (3-14) 
x=1+4zp,, 


was once proposed by Gurney and Mott® in their discussions about the possibility 
of the self-trapping of an electron in a perfect ionic lattice, which possibility had_ 
been suggested by L. Landau.” Our result (3-13) differs from (3-14) as to the 
coefficient of the integral, but our pertu bation method presupposes, strictly speak- 
ing, that x—1, x,—1<1 and in this limiting case the discrepancy becomes unnotice- 
able. 

As to the validity of our perturbation method, it should be remarked, that 


> 
the contribution of the polarization potential to the wave function (7) and the 


energy € must be smaller than that from U(r). For the above mentioned pro- 
blem of the electron trapping, such condition will be realized if the bindinz energy 
of the trapped electron is much smaller than the distance between the energy. 
bands. Further, the detailed structure of the polarization potential in the unit 
cell is not taken into account in our theory and this fact introduce neglisible 


errors only for the widely extended wave functions, namely for the excited states 
of the trapped electron. 


) 
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§4. Aperiodic Processes in the Crystal Lattice. 


In the preceding paragraphs we have discussed the reaction of lattice polari- 
zation for the stationary states of an electron. In this paragraph we shall further 
concern ourselves with the influence of the lattice polarization to the transition 
probability. We take two examples ; 

(A) Excitation of the optical modes of* vibration. 


| The probability of the process in which an electron with momentum p collides 
with the lattice and excites a quantum of longitudinal vibration of the optical mode 


of wave number qa and deflected with the momentum p' is determined by the 
following matrix element, 


(p’, N7+1| V,|p, V7) 


FING +1017 3,2) Wn] KD, o/ ED) EP) +1892] 


+ 3)(P',0| V, |p, n)(N7 +1, 2| V"| NZ, 0)/[y?—y —to,) ’ (4-1) 


where E(p~) =7°/2m, the first term comes from the direct transition and the second 
and the third terms come through the virtual excitation of the electronic states of 
the crystal. Taking account of the energy conservation Z(~) —E(g’) =hw, and 
the inequality tu, <7—7, which condition is generally satisfied for ionic crystals, 
we can reduce (4-1) to the simpler expression 


(W, Ne+1| Valv, Np) {14 = DEW | (950.8, '/—A)}, (4-2) 


where the same approximation is used for the electrenic eigenfunctions as in § 3. 
(4-2) shows that the effect of the polarization can be taken into account by the 
factor (1—4zp,) which in the case ~,<1 can be expressed by the dielectric con- 
stant x, namely (2—7%). 
(B) Excitation of the lattice excitation waves. 

Wave functions of the lattice excitation waves are written as 


$p) =1/VG S$ exp iKr.,, (4.3) 


where ¢@ describes the state in which the £-th ion in the /th unit cell is excited 


in its -th state, and K is the wave vector of the excitation wave. The matrix 
element for the process, in which the momentum of the additional electron changes 


Ee . . 
from p to pl while the (K, ) excitation wave is excited, comes out to be 


(p’, Kn| V;|p,0) +3, Kn | | NZ+1,0) (p', NZ 41) Mel p, Vz) /LE() 
q 


—E(#’) —ho,] +57, Kn| V'|NZ—1,0) (p', NZ—-1| Vp, NP)/LE(P) 
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_ BP) tha) + E(B NZ | VilD, V2 +) (NF +1, Kn| V"| NG, 0)/L 
? 


pinto, + PN? | Ve|v, NZ—V (NGL, Ba | V'| NG, 0) + 
q 


[y—7zn thorn] , (4-4) 


en ea ESET 


in which 73, is the energy of the excitation wave and the first term comes from — 


the direct transition while the other terms come through the virtual excitation of 
the lattice vibrations. Further reduction of the formula becomes possible by the 
fact that excitation energies of the excitation waves are generally greater than 
iow, Thus (4-4) is reduced approximately to 


(p' Kn| V,|p, 0){1+ (42Z°2/A pe?) (hw,/7%n — yo) } (4-5) 


Unlike the case of example (A) the cerrection factor in (4-5) cannot be simply 
expressed by the dielectric constant, moreover, here, contrary to the simple 
phenpmenological expectations, the influence of the lattice polarization does not 
reduce but increase the transition probability. Such difference in the above two 
examples (A) aud (B) is, as can be easily recognized, caused by the difference 
of the relative magnitudes of the energy change in the transition processes and 
the virtual excitation energy. 


Conclusion. 


We have developed a quantum-mechanical perturbation calculation for the 
reaction of the lattice polarization on the electronic motion and it is found out 
that the mechanism of the electron trapping in a perfect ionic lattice as proposed 
by Landau, Gurney and Mott is also expected from our quantum-mechanical view 
point, though our result has. not been in perfect agreement with that of above 
authors. Further the influence of the lattice polarization on the probability of 
electronic transitions which take place in an ionic lattice has been examined by 
two examples and it is pointed out that such influence can not be always accounted 
for by the simple phenomenological introduction of the empirical dielectric constant. 


The author expresses his sincere gratitude to Professor T. Muto for his interest 
on this work. 
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1. Introduction 


As well known, the strong coupling between the motions of individual 
nucleons makes it extremely difficult to solve the nuclear many body problem 
on the rational quantum-mechanical basis. Liquid drop model, which has furni- 
shed with many remarkably good descriptions of nuclear properties remains thus 
far entirely phenomenological and must be drastically reformed to give satisfac- 
tory interpretations of nuclear phenomena in terms of the nuclear forces. 

The familiar Hartree-Fock’s method, on the other hand, especially for the 
heavy nuclei, does not converge rapidly and so must be worked out, even for 
the purpose of qualitative discussions, to its higher oder of approximations. 
These situations are clearly recognized in the calculations of Euler,” Bagge” and 
others, in which the second order of approximation was explicitely worked out 
for the nuclear binding energy and the wave function of the ground state. 

In the present paper we give a solution of the Schrédinger equation for the 
interacting Fermi-Dirac particles, which for the case of sufficiently large number 
of particles may be a good approximation and will be useful as a plausible 
starting point for the further stages of the perturbation calculations. In §2 we 
give the general theory and its application to the nuclear problems is worked 


out in § 3. 


2. General Method of Calculation 


We start from the Hamiltonian” 


H= \¢ (x) A(x) $a) de+ Pal (x) P(x!) V(x, 2) $2) O(a) dxde! (2-1) 


for the system of interacting Fermi-Dirac paiticles, where A(+) and V’(4, 2’) 
are respectively the one particle energy operator and the operator of interaction 


potential and $(x),$(*) are the g-number amplitudes satisfying the following 


commutation relations, 


P(x) $(2') + 8(e') P24) =8(x—-2’), (2-2) 
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b(2) 6(2') +9(2) 8(x) =8 (OB (2) +8 (2) 9) =0, (2-3) 
or if we expand $(x) by the sct of c-number eigenfunctions $,(x) of H(z) as 
$(x)=Dagilaz), {H@)—Ele(2) = (2-4) 
we find ‘ 
OA; +.0,0,= 943, 4,4, +4,0,=a,4,+4,4;=0 ; (2-5) 


thus @;a,=W, is the number of particles in the state z and @, and @, are the 


annihilation and the creation operators respectively. 
Substituting (2-4) in g(x) of (2-1), (2-1) is transformed to 


= 1 , , a osaa does i 
H=yENet =D (Vizsa— Vixen) NiNet cm») )> Vig tml A, A, An (2-6) 
z t & ™ 
where the matrix element V,,,, is defined by 


Venn = |[Gel2) Gala’) Vx, 2") Sul") baa) dee’, 2-7) 


and dashes at the summation signs mean the omission of the terms (/=42, 
If ¢,(4) are the plane waves, for which case we 
should like to confine ourselves in the following, the terms like (/=7, 4+-m) and 
(c-:i, k=m) are, however, automatically excluded by the conservation of 
momentum and the multiple summations in the last term of (2-6) are to be ex- 


m=k) and (=k, m=1). 


tended only to the terms such that both / and m are not equal to 7 nor &. 
If we stait from the ground state of the system, where all levels r,s, 4, 


surface and sends these two particles in the upper vacant levels. 


tonian (2-6) in the following manner, 
H=H,+H' +H", (2-8) 
— 1 
Hy SE,N,+ SEWN + 3— SS(Voase— Vease)NeNe+5— SEY Vraste— Vert) NM, 
% ae rf , " 
1 ui 
nds 239 ( Pew Pintn) Ne N+ var pap? ( Vina Vex ex) NVM (2 ; 9) 


eS La 1 1a 
5) BUSS Vik ps UA, A, A, + a, PIP Bs V5 sx, hy A; Ay, (2-10) 


: ikrs 


below the Fermi surface are completely filled with particles, while all levels 
Pil es above the Fermi surface are all vacant, the last term of (2-6) 
(‘‘ collision term”) induces collision between any two particles below the Fermi 
However, as 
thus the population of particles above and of the holes below the Fermi surface 
is increased, this “ collision term’ induces further the collisions, in which at least 
one of the created holes or the ejected particles themselves takes part. To in- 
vestigate these various modes of collisions separately, we rearrange the Hamil- 


7 
; 


i eee 
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L mn — 1 ; aes 
A" = day Vie, im; Bp Uy Oy + > SSSS V5 A, Us Q, Uy 


rétQu 


+SS>34 (Vrs se— V4 45) Q,,@; 0, Uy 


re me ey, 
1 <as 
ah ee, ( Via V,,,.,5) U,, 0; A, A, 
1 es 
2 Sas (Vien ik,lr) 0; Ay, A, Ay 
f pe 
9 BOOS Vera V 4,51) A; 4, A, A, 
| i oly 
+79 SSS( Vis, V5 1) A, A.A; Ay, (2-11) 


where the summations S and Da; are to be extended to the levels below and 


above the Fermi surface respectively. 

(2-9) is the diagonal energy, (2-10) contains the collision terms which 
induce the collisions between two particles below the Fermi surface and their 
reverse Collisions. Termes in (2-11), on the other hand, all concern with the 
collisions in which at least one hole or one ejected particle takes part. Now, if 
the total number of particles in the system is infinitely large, number of possible 
combinations of the partners of collisions in which at least one of the partners 
is a hole or an ejected particle remains, in any given stage of higher order per- 
turbation calculation, infinitely less than the number of combinations in which 
both partners of the collision are the particles which still remain below the Fermi 
surface. Because of this situation it seems possible, for the system composed of 
sufficiently many particles, first to disregard entirely the operator “7” and solve 
the problem 47,+H’. Certainly we must notice, however, that if the matrix 
elements like V,,,, favour strongly the transitions with minor energy changes 
then there appears, even for the case of infinitely many particles (and thus for 
the infinite depth of the level distribution below the Fermi surface) the effective 
depth of energy below the Fermi surface such that only above which the transi- 
tions will practically take place. In this case our omission of #1" becomes less 
plausible but we find no way to solve the difficulty except by taking account of 
Ai” further by the perturbation method. 

Now, in the following, we should like to show that the same assumption of 
the diluteness of the holes and the ejected particles leads to an approximate 
solution of the problem +H’. 


We fitst make the transformation 
a =b,, a,.=0,, 


r r 


and thus introduce the number of holes b,b,=n, below the Fermi surface. 
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Then we can rewrite Hf, and H’ as follows, 
A=SE+> SS Popies— Vera) + BE Ne— —SE, n, 
ote S( Vip wi V,, wy) N;- SS( Vast nt, 


- SEE (Var ni— Viesz) MeN — uS( V 6, vt — Vip tr) Nit, 
€ x al 


+ +s 5: S( V, sr, rs ae as) 2,Nsy 12 ' 13) 
zi Bis 0 a 
H= DESSV eB, 0,45 SESS Vena _ Di (2-14) 


The first two terms of (2-13) are the energies of the system for the com- 
plete degeneracy and the following terms denote the deviations induced by the 
creation of holes, among which we shall in the following neglect the terms 
which are quadratic in NW or m in accordance with the above mentioned 


’ 


“ diluteness assumption”. 


Thus we are now to solve the following Schrédinger equation 
(WHY — MeN, + Sen) F (M05 or ey 
ieteehs ead ne Ree (2-15) 
with AH) = SE, +> SSV rege Poe; Pe 2k, PER PoE. 


6.=E+ S( J ‘tee Vrase) 


To find out the ground state of the system we write down (2-15) in the 
following form 


(WH) 8 (0) = = BSS ans F (tk; rs), (2-16) 


(WH eins) 8 (GR; rs) =U rau (0) 
+ USS Ua, pin U (2h, 7S; vk ots"), (2-17) 


i>! rl >st 
é W— HY — 6sn.se— Scrat eto) Lf (th, rs; 2'k', sis’) = 07 arRt ¥ (zh, rs) 
2 Tae (kr 7's’) I yes, a! onan itr (tk, roy rR, rs. ig rs ig 


ESAT ptt > git 


echt (2-18) 
where €z,,.==€;+ €,—e,— é, 


ancl wey ’ Oo cn= (Ve tae — sites with He= (— 1) t-+¥e 


wees vel,...1,...) is abbreviated as W(ié,rs). The dotts in the 
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right hand side of (2-18) is written in place of the terms such as U,» ,¥ (i%, 
1's), Uvsax¥ (ék', rs’) etc. In the state Y (ik, rs; i/2,r's') we have four particles 
2, k,l’, &! above and four holes 7, 5,7’, s’ below the Fermi surface, of which 2, 4,7, s 
and 2’, &,7’,s’ are such groupings that momentums are conserved among the 
members of each group. However it is possible that momentum conservation is 
simultaneously satisfied also by such groupings as 2’, 4,7,5; 7, 2/,7,s/; ... and in 
that case we must take into account of the terms represented by the dotts in 
the right hand side of (2-18). All the equations following (2-18) contain 
similar terms on their right hand sides, which fact makes it very difficult to solve 
these simultaneous equations exactly. In the case of infinitely large particle 
number, however, these terms can be neglected without causing serious errors 
and then our simultaneous equations take the form which can be solved rigo- 
rously.* The solution is found to be as follows. 


Dp (2k, rs) =a id (O) O13 sn/ Cekinss 
D (tk, rs; UR, 7's’) = (0) (Gysin/€ctesns) (Cree iran] Carer otst)» (2-19) 
Y (tk, rs, UK, x's!s Rh", rs!) = — VP (0) ys.sn/ Pitivs) (Oran eran [Einar ner) X 


alatare alate: o'e x CO yoratt grrart) Este grt pttert) , 
and —™ 
W=Ho-— yy i | gs a AOE va » (2-20) 
t>k r>s 


It is to be remarked that the essential assumption in our treatment is not the 
smajlness of the coupling between the particles as in the usual theories, but the 
argeness of the total number of particles contained in the system. The energy 
of the ground state (2-20) 

W= HP—SID SS | Opies \?/[ee+£n—€-— 5 (2-21) 


i>k r>s 


however, comes out to be very similar to the usual second order result of the 
perturbation theory and differs from it only by the energy denominator in which, 
in our case, are contained the coupling potentials as can be seen from the defini- 
tion of ¢, Further, the distribution of particles on the energy levels in the 
grouud state is found to be markedly different from that given by the zeroth 
‘approximation, namely all levels are occupied below the Fermi surface and all 
levels are vacant above this surface, but rather resembles, as has been especially 
remarked by S. Watanabe,” to the particle distribution for the finite temperature, 
which situation may be quantitatively computable by the evaluation |¥ (zs, 7s)|’, 
{¥ (ch, rs; 7h, r's')|?, |\F Gh, rs; uh, v's! eh", r's)[? from (2-19). 


* These equations are of the same type as those, which are solved by S. Tomonaga in his theory 


of the neutral longitudinal mesons surrounding a nucleon, cf. his following paper, Prog. Theor. Phys. 2 


(1947), 6. 
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§ 3. Application to the Heavy Nuclei 


Among the possible applications of the general theory developed in the pre- 
ceding paragraphs we shall confine ourselves in the following to the binding 
energy of the heavy atomic nuclei. 

Nuclear interaction potential is given by 


Vo= V (712) (Cy—Cu PQ— Car + C,Q), (3-1) 


with V(r») =—Vexp —(%/a)?; P,Q are the exchange operators for the isoto- 
pic spin and spin respectively and ¢y, Cy, C1 Ce are usual coefficients for Wigner- 
Majorana-, Heisenberg-, and Bartlett forces. ¢ in (2-15) is now characterized 


- 

with the quantum numbers of momentum yp, of spin and isotopic spin ¢, t and 
. 

expressed as 


(Pot) =E(2) + C7 [| w) dha] 1/ Py S™ 
y 


Cue Se P (rn) exp (p—p', Ps) drs (3-2) 


pl 
in which Z(p) is the energy of the free wave YD, l, is the nulear volume and 


S” denotes the summation with respect to p’ on all occupied levels. Further, 
pl 


c= 4ey—Cy—2cyt+2c, and c=cy—4cy—2e_t2cp. 
In (2-21) enters only the difference of e(p, a,7) and thus the second term 


of (3-2) makes no contribution while the third term can be transformed by the 
aid of the relation 


~o0 >, z pe if x fe 9° , j ° ji 
S% exp — 5 pl = Va/22°-1/R? (do/r)* (Hr/2.)*Jglr/A), 


vy 


thus (8-2) becomes 
(D0) 2) =E(p) +eh/V I exp —(r/a)?-Jy(r/h) Julr/A)dr, (3-3) 


where 4=4/p and 4 is the minimum wave length of the particle inside the 
nucleus, /, /s%, are the Bessel functions. The integral in (3-3) should have been 
extended inside the nucleus but the range of integration can be without serious 
errors enlarged to the positive infinity. This definite integral can be evaluated 


eee eunculty, but for the limiting case a/A,>1 (according to Euler and Bagge 
2-2 <a/d4<2-76) we can simply replace this integral by 


eae - a Awad. a> d, 
[AsGr/a) Jabra) drm |? ae if wort (3-4) 


thus we find 
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e(p, 0,7) =E(p)+7CV + constant >A, 
e(p, 6,7) =E(f) +constant A<A, (3-5) 


and finally we obtain 
W=H,— YESS isl [EO +E) -E()—E(s) 27 PF]; (3-6) 


Cw, €m, Cm Cy are given by Kemmer® and Volz® to be cy=—1/12, cy=10/12, 
Cp= —2/12, cp=5/12, from which values we find c=—9/4<0.- As V>0O and 
E,+E,>E,+£,, we find out that the second term of (3-6) is smaller in absolute 
magnitude than the second order energy of the usual perturbation theory. 


Conclusion 


A method of solution is given for the system of interacting Fermi-Dirac 
particles. The essential assumption of the method is not the weak interaction as 
in the usual perturbation theory but the largeness of the total number of parti- 
cles. The energy of the ground state is given by a closely analogous expression 
as the second order energy of the perturbation theory. The result is applied to 
the discussion of heavy atomic nuclei. 
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The Observability of the C-meson 
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From the analysis of the various divergences in the field theory, it becomes 
clear that the.C-meson is satisfactory to help the mass-type divergence. Howe- 
ver, the existence of ‘the C-meson has not yet been so decisive that it seems 
necessary to study the magnitude of the C-meson’s effect to the various processes 
and its observability in the expriments, in order to show more concretely that 
the divergences occuring in the field theory is partly inseperably combined with — 
the structure of the elementary particles. Expecting that the mass of the C- 
' meson is large, the detectable C-meson’s effects to the electron problems are 
hardly obtained. This is because that the range of the C-field is very small 
compared with the Compton wave length of the electron.” But the C-meson’s 
effects to the charged mesons and protons are not surely small. In order to 
study how much the C-meson effects to such problems, we calculate the process 
such that the charged spinor particle emits the C-meson being scattesed in the 
Coulomb field of the nucleus, and discuss its influence on the absorption of 
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cosmic-ray underground. 


§ 1. The Brems-C-Strahlung 


Let &,.P, and # P denote the energy and the momentum of the charged 
spinor patticle before and after the Brems-C-Strahlung process respectively. & is 
the momentum of the C-meson emitted. 

Then the differential cross-section of the Brems-C-Strahlung is 


Baglin er te 
Hat op) t 


0 


R 1 1 
— dkd2 pPdaQk — x | ee 4p2— 22 
hy q <L@—2E,4+2 (PK) ' ea 


(P,P—Pk-+ Pyk) — (22 yk) +2(P\k)) (PR) + (28—2E4,) (P,k) +E E(P2+®) 
—22P43(LE+ BE) 4 4 eet Ee ¢ 1 ey, 
(8 +2Eh—2(PR))? 
{ dye—a*) (P,P Phe+ Pyke) + (22+ 2Eky—2 PI) ) (Pyke) — (2 +2E yy) (PR) 
+ EE, p+ #) 2B YP +3 (E+ BAB) e+ du — ek + BES) + 


2 
: 1 (DZB2__y2 PTO Se ae 
(x—2.4)h)+2(Pik)) (7°+2E%—2 Pk)) { 24.°—2*) (PP) +28 (p23 + +4 —¢*) 


—2(P,P) (PR) + (46, E2624 4242) 2 —E Be | (1) 
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# and x is the mass of the spinor particle and that of the C-meson respectively. 
ky=VeE4R and g’=|P,—P—k’ is the square of the momentum transmitted to 
‘nucleus. 


We estimate the effect of the screening. If 1/g is over the atomic radius 
the contribution to the cross section get reduced very rapidly. So that we can 
set the following condition” 


ese ae @: Bohr radius (2) 


while Qnin= (ho + £, Ex) /2E, Ek, Considering that the main contribution to the 
Cross section comes from the part 4,~#~42, the minimum incident energy at 
which the screening becomes effective is 


Ex! ~ ayz—8 (p2 +2) =137-2-% (Fp ) Po 
MW MW: 
ee (~£ + *_) - 10°eV, m: electron mass (3) 
m m 


£,’ is given in the Table (1), for various values of masses of charged spinor 
particles. . 


Ede e-10%7 | 104 | 4.7 x108 | 828x104 | 3.2 x 106 
assuming | x=100 m | US | LS 5 | u>x 
ee nahi | 1 | 217 | 286 | 1800 


Now, we integrate (1) over the angle,” neglecting the contribution of the 
order (#/£,)? and (x/Z,)* and set f°=2e. It results 


208 Roger R 4/1 UR 2k EE 
=—4 a Js ~ | : log —_—_— = 
Gf Tinain pi 9, as REA aaa Ein) oti 
( ped ) aie are pe 
Den Oe 6 Ke Ss 
Re=FE P+ dar/p Ey E+h. (4) 


§ 2. Energy loss 


The energy loss due to the above process of the charged particle penetrat- 
ing through the matter is estimated. Let N be the number of atom per unit 
volume, then the energy loss per unit length comes out to be 

Kx 
0 


— (dB /dx).=N | ‘todd - (5) 


Substitute (4) into (5) and calculating the two limiting cases, it results 
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»,—2aNe(£) (LY z,(1og 222+17) 8>1 (5a) 
— (dE/dx), =2aN2 (x) ( " ) B,( log =F 
22 2K, ‘ 
— (dB /dx),= so auvet (©) E, (log i +1/8) d<1 (5b) 


In the case d~1, —(dE/dx), takes the value between (5a) and (5b) and does 
not largely deviate from the value (#) in which 6 is taken equal to l. 


§ 3. The Influence on the cosmic-ray underground 


the most part of the cosmic-ray underground is consisted of the #-meson. 
The energy loss of the #-meson is expressed as 


— (dE/dx) =a+bE (6) 


a and 4 correspond to the energy loss due to the ionization and the radiation -like 
processes respectively. The loss due to the decay is negligible in the undergro- 
und. The energy Z of the s-meson at the depth 2 is combined with the energy 
E, at sea level in the following relation. 


Ey= Ee + (?*—1). (7) 


If the integral spectrum F(Z,) of the #-meson at sea level is known, it is easy 
to test the value of a and 4 comparing F(£,) in which (7) is substituted, with 
the experimental curve. Let @ and 6 take the value due to ionization and due 
to radiation and pair creation respectively, and F(£,) is in a good agreement 
with the experimental absorption curve underground.® If the effects of the 
C-meson were same order as: that of radiation, the absorption curve would go 
down more rapidly. To avoid this difficulty it is necessary to take the larger 
value of x the mass of the C-meson. Assuming the effect of the C-meson to be 


about 1/10 of that of the ordinary radiation of ~-meson, we obtain as the mass 
of the C-meson 


Xin ~ 500 71, (8) 


If the experimental results of the cosmic-ray is gained in the deeper underground 
(= 2000 mH,0), the value of x may be determined more precisely. The discus- 
sion may be valid it the #-meson is of scalar type. 


§4. Other effects 


If we take the mass of the C-meson to be order of 500 m, it would be ex- 
pected that the C-meson give the considerable effect to the phenomena concerning 
to protons. Though an objection against the C-meson hypothesis has been pro- 
posed in the problem of the mirror nuclei,” it seems not so decisive because in 
such a problem the considerable effect due to the complicated structure of the 
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nucleus may be expected besides that of the C-meson. But the detectability of 
the C-meson in the nuclear phenomena may be much reduced by the existence 
of the neutral nuclear meson. Remarking, however, the difference of the decay 
process between the C-meson and the neutral nuclear meson, that is, the C- 
meson decays into a electron and a positron while the neutral nuclear meson 
disintegrates into two or three photons 


, the test of the C-meson can be 
expected in the mixed shower or in the other nuclear collision phenomena. 

In conclusion I wish to express my deep gratitude to Professor S. Sakata for 
his kind advice and encouragement for this work, and I also express my cordial 
thanks to Mr. Hayakawa for his valuable discussion. 
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1. Introduction. 


- 


It is well known that the cosmic-ray stars in photographic plates are the 
high energy nuclear reactions, which are well explained by the evaporation theory 
of nuclear physics.” Nevertheless, the large stars show some abnormal pheno- 
mena which seemingly contradict with the above theory. . According to Perkins 
et al,” u-particles emitted in large stars show remarkable angular collimation 
and have the energy distribution different from that expected from the Weisskopf’s 
evaporation theory. These authors pointed out that there were two possible 
explanations for them. 

1) Local heating hypothesis; Before the whole nucleus gets thermal equili- 
brium, highly heated part of the nucleus emits several a-particles ; 

2) Fission hypothesis; The highly excited nucleus undergoes the fission 
process, then the smaller fragment disintegrates spontaneously into several 
a-particles. 

Discussing these two possible explanations from various point of view, we 
are lead to the conclusion that the latter is plausible. Furthermore, the occurrence 
of the heavy nuclear splinters in large stars seems to support this fission hypo- 
thesis, as stated by Perkins et al.” 


2. The local heating hypothesis. 


Even in very large stars, the behaviour of emitted protons does not con- 
tradict with the evaporation theory. Thus, the whole nucleus seems to reach 
the thermal equilibrium in the very beginning of the reaction, and the local 
heating process will not play a great role. 

Theoretically, Tomonaga calculated the viscosity and the thermal conductivity 
of nuclear matter, and showed these quantities were very large even in highly 
excited states.” Using his results, we can compare the rate of heat conduction 
and the local evaporation as follows. Let us separate the nucleus into two parts, 
N,N, (Fig. 1), and suppose the temperatures of each part at time #=0 to be 
LMeV and O MeV respectively. The hot part .V, loses its excitation energy 
through the evaporation of particles and the heat condnction to N,. We write 
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the rates of these energy losses per unit 
time at the beginning as X.,,, and Xp 
respectively. Then their ratio is: 


3 
Aes oN: £ ; (1) 
Xa 5000 
which is- smaller than unity even for 7=10 Oe 


MeV. We see, that most of the locally 
concentrated heat will rapidly diffuse 


through the whole nucleus. 
Fig. 1 Local heating. 


3. The fission width. 


The above estimation shows not only that the local heating process plays 
little role, but also that the thermal equilibrium is realized also in highly excited 
state. This will allow us to use Bohr’s general idea of nuclear reactions for 
such a large star. Thus we shall discuss the fission hypothesis extrapolating the 
Bohr-Wheeler’s theory.” 

According to their calculation, the fission width J, for a nucleus with mass 
number: 4 and the excitation energy X is given by 


V(X )= 


1 {2 
BE eng yO Ga be 2 
impx) IA 2) 


where £; is the fission threshold energy, pa is the level density of the mother 
nucleus, and p% is the level density at the saddle point of the potential surface 


in a fission process. 
We assume pi=pu4, and adopt the Fermi gas model for a nucleus, which is 
experimentally confirmed by Perkins et al.” Then we can give the explicit form 


of the fission width, that is 


(Xa oe FAT, (3) 


T means the nuclear temperature, 
Tw 317VX/A (4) 


On the other hand, the neutron width [, is in the, same appoximation, 


3% xa 
Ty Xx Te 2N7, (5) 


'=}?/2mr, ~ 10 MeV, 


where £, ==8 MeV is the binding energy of a neutron. Comparing /, with /,, 
we see that the fission process is rare, ie. Iy < T,, as long as £,> £4. The 
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threshold , must be nearly equal to £, for the fission process to occur 


frequently. od 
7 According to Bohr-Wheeler, the fission threshold energy Z; is given by 
E,=4nr;OA* f(x), (6) 
se ee 
(2°/A) iim 


The notations are all the same as that of Bohr-Wheeler. They gave the follow- 
ing numerical constants from the data of stable nuclei. 


4nr270=14 MeV, (7) 
(Z?/A)im=47.8. 

From (6) and (7), we get for the Ag-nucleus, 
E, ~ 45 MeV. (8) 


This value is much larger than £,=8 MeV. It corresponds to the fact that the 
Ag-nucleus does not undergo fission in. ordinary (low energy) nuclear reactions. 
If the fission hypothesis is true, however, the threshold energy £, for highly 

excited Ag-nucleus should be much smaller than (8). Now we are left the 
following two possibilities for this to be the case; i.e., 

i) increase of the Coulomb repulsions, 

ii) decrease of the surface tension of the nucleus. 
with the increasing excitation energy. 

The highly excited heavy nucleus evaporates mostly neutrons and protons 
are prevented by the Coulomb potential. This may result in the relative increase 
of the Coulomb repulsion, i.e. i), and make the threshold energy E, lower. In 
fact, ‘the fission of Bi by the fast neutron bombardment are known to be due to 
this effect.” For Ag or Br-nucleus, however, this effect is too small; e.g. only 
after the evaporation of forty neutrons and no proton the threshold energy be- 
comes ~ 6 Mev. Thus we incline to take the hypothesis ii). 


4. The change of surface tension. 


Here, we discuss the last possibility, i.e. the decease of the surface tension 
with the increasing excitation energy, adopting various models for nuclei. Let 


O(T)=14 MeV+O"(T) (0'(0)=0) (9) 
(Note: area is measured in units of 4zr,°.) 


be the surface tension of the nucleus at the temperature Z. The total surface 
energy of the nucleus is denoted by U(T )4*, These two quantities are con- 
nected by the well-known thermodynamical relations : 


' 


: 
' 
7 
i 
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You | 
rae Pee 
a (10) 


If we adopt the Fermi gas model for the nucleus, U is given by 
UA*x (Total excitation energy) 
t (Nuclear surface) (Nucleon radius) 


(Nuclear volume) = 

ew 0.175 A% 7°. 

The solution of (10) with (11) is 
O’ = (constant) T—U, (12) 


where the integral constant is determined by the condition that the surface 
tension O=14+ 0’ must vanish at the critical temperature 7,, which may be 
tentatively determined as follows. 


a T=total binding energy x 8 A Mev. (13) 


This results in ~ 9 MeV for Z7,. Thus we have the following temperature depen- 
dence of the surface tension. 


on14 2 (Mev). (14) 


ec 


While the classical formula of Eétvés shows the linear temperature depen- 
dence : 


(Mev). (15) 
These two expressions, (14) and (15), correspond to two extreme .cases. and 
other models, including the liquid drop model*’, lie between them. We calculate 


Table I The fission width for the Ag nucleus, 
a Sees 


Ty (MeV) Ratio I’y/I'n 
X (MeV) T (MeV) Tn (MeV) a ae ov | act 
i 1 1.2 x 10-4 1.5 x 10-14 6.7 x 10-19 0 0 
44 2 2.6 x 10-2 3.9 x 10-5 4.8 x 10-9 0 0 
98 3 0.22 2.4x10-2 8.2 x 10-8 0.10 0 
173 4 0.76 0.39 9610-4 . 0.34 0 
270 5 0.89 0.8 3.3 x 10-2 0.42 0.036 
389 G 3.3 - 0.48 0-13 
530 7 5.3 - 1.12 _ 0.17 


Note *) 1: linear case 
**) 2: quadratic case 
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the fission threshold energy Ey using 

the above relations and then the 
width and show their numerical re- si 
sults in Table I. and Fig. 2. 


5. Comparison with experiments. 


From Table Io we see./.. be- 
comes the same order as [;, at 73 


: ua 
MeV in the classical case and the ;_, 
fission process may be possible at —. 
1 
T>3MeV (X > 100 MeV for A~ 
100). While, the fission will not. 
occur up to T~6 MeV (X40 MeV —_—— = 4 S| oe ee 
for A=100) in the quadratic case. © 1 4% 98 173 270 389 590 GOI Mev (%) 
According to Perkins, only in 3 
1 th ¢ YS I linear law 
arge stars a e. oa: or more prongs Il quedratic law 
the energy distribution of emitted a — 
. . . ig. =. 
particles is cileccnt from that expected Change of the. fasion threshold eneqy Jy 
from the evaporation theory and their with the temperature. 


angular distribution is not uniform 

but shows collimation. This leads Perkins e¢ al to the view that a nucleus 
undergoes fission in the first stage and then the smaller fragment spontaneously 
disintegrates into several a-particles, so that these «-particles are collimated pre- 
serving the momentum of the mother fragment. On the other hand, the larger 
fragment undergoes evaporation a$ usual. Furthermore, there are direct evidences 
of fission that one observes one or two heavy splinters in a star. These experi- 
ments may be favourable to our theory. 

But such a fission-like process is not observed in photographic experiments 
of Berkeley (100 MeV neutron and 200 MeV deuteron bombardment). This 
indicates the small fission probability of the Ag and Br nucleus with the excita- 
tion energy 100~200 MeV and will favour to the quadratic law of the surface 
tension-temperature relation. Thus our calculation may justify the fission hypo- 


thesis in the large stars, leaving unsolved the problem of the asymmetry of 


fission. — (¢o de continued) 
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In the case of the liquid drop model, the relation of surface tension to temperature resembles the 
quadratic law (14). It seems necessary to assume that the total excitation energy of-the nucleus 
consists of only the surface energy in the liquid drop model. This fact has already been pointed 
out by Perkins et. al.2) from their experiments. Detailed account will be given in the subsequent paper. 


Note added in proof. 


Hereto we considered the “ quasi-static”, ie., Bohr-Wheeler’s mechanism of the fission process. But 


the large asymmetry in fission fragments will not be explained by the above quasi-static mechanism. It 


seems rather plausible that these fission-like processes might be caused by the new dynamical mechanism 


because of very high excitation of the nuclei. Our estimation of the fission width is certainly the lower 


limit of true one. Thus we may conclude that the above discussion of fissionability wouid be valid even 


in the dynamical fission process. 
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I. Introduction 


The space-time approach to quantum electrodynamics, as has been developed 
by Feynman,” seems to offer a very attractive and useful idea to this domain of 
physics. His ingenious method is indeed attractive, not only because of its 
intuitive procedure which enables one to picture to oneself the complicated 
interactions of elementary particles, its ease and relativistic correctness with 
which one can calculate the necessary matrix elements or transition probabilities, 
but also because of its way of thinking which seems somewhat strange at first 
look and resists our minds that are accustomed to causal laws. According to the 
new standpoint, one looks upon the world in its four-dimensional entirety. A 
phenomenon that will come into play in this theatre is now laid out beforehand 
in full detail from immemorial past to ultimate future and one investigates the 
whole of it at glance. The time itself loses sense as the indicator of the develop- 
ment of phenomena; there are particles which flow down as well as up the 
stream of time; the eventual creation and annihilation of pairs that may occur 
now and then, is no creation nor annihilation, but only a change of directions 
of moving particles, from past to future, or from future to past; a virtual pair, 
which, according to the ordinary view, is foredoomed to exist only for a limited 
interval of time, may also be regarded as a single particle that is circulating 


round a closed orbit in the four-dimensional theatre; a real particle is then a. 


particle whose orbit is not closed but reaches to infinity. . . . 

In such a view, a state with prescribed number of particles including real 
as well as virtual does not exactly correspond to a four-dimensional state in the 
ordinary sense, that is, a state represented by the wave function satisfying the 
time dependent Schroedinger equation. But the former is rather a part of the 
latter in which any number of virtual particles may be allowed to occur. To 


obtain an idea of the actual state we shall have to sum over all 
to the number of virtual particles. 


The interpretation of the four 


possibilities as 


-dimensional state in the present sense becomes 
also somewhat different from the conventional one as giving the transition pro- 


*) New staying temporarily at Tokyo University. 
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bability or amplitude from a given state A to a final state F in the three- 
dimensional space. We can rather ask for the relative probability that a four- 
dimensional state A-I-F with prescribed real as well as virtual (intermediate) 
particles be realized in nature. This will be zero unless the arbitrary chosen 
A-I-F is not such as is an actually possible transition under the Schroedinger 
equation. 

The above-mentioned view of the entire space-time behavior of nature sad 
specie aeternitatis, however, might not appeal to a reason which is liable to think 
in the language of differential equations and pursue the development of things 
along a certain parameter, In fact we find it hard to regard the world line of a 
particle as a mere status of that particle, but are unconciously following the 
motion of an imaginary mass point along the world line. Thus, in Feynman’s 
theory where the ordinary time loses its role as the indicator of the development 
of the world, it would still be convenient to introduce some parameter with which 
the four-dimensional world is going to shape itself. How this is possible to a 
certain extent we shall see in what follows. 


2. Formal introduction of the proper time 


Let us consider a wave function obeying the ordinary Schroedinger equation 
i 2 b(t, x) =H(x) bs, x). (1) 


The scalar product (¢,¢) of two wave functions ¢ and ¢ at a given time carries 
the meaning of the probability amplitude for: finding a state characterized by ¢ 
when we know that the system is in the state yg. This interpretation is based 
upon the mathematical fact that the length of the wave function vector is con- 
stant in time according to (1). If we go over to the four-dimensional standpoint 
and regard the behavior of ¢ in both ¢ and 2% for a finite interval of time as 
characterizing the state ¥(¢,x), we shall naturally have to define the norm of a 


wave function by 
(v, w=" (ler), ote) drdt=T | (H(2), $2) de, 2) 


which is a multiple of the ordinary norm of the state ¢ Thus we have only 
to alter the normalization of the wave function for the transition from ¢/ to ¥, 
though this means an infinite factor when the time interval is extended indefini- 
tely. The probability amplitude (¢,¢) mentioned above is then in the new 
standpoint merely a probability amplitude density for a cross section of time 
from which the full amplitude is derived by integration with respect to ¢: 


(, ®)=((¥, 9) dt (3) 


Eq. (3) allows the following interpretation. Suppose we take for Y and @ two 
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OOO — 


stationary states for a system, then (3) will be zero unless ¥ and @ represents 


the same state. But if some perturbation is introduced in the system, the system 
will no longer remain in the original (three-dimensional) state g, but the space- 
time behavior of @ will be expressed by decomposing it with respect to umper- ~ 
turbed eigenfunctions, 

P=S),ax(¢) 9%), A (4)) = Gigs (4) 
The probability that we find the system after an infinite lapse of time in the 
state # is given by 


lim |a,(7¢)|?=lim | (¢,, 9) |? (5) 
t>o 7a 


If we displace the time scale and shift the initial point to —oo, we obtain the 
probability for finding a state %, or ¢, (referred to unperturbed coordinates) 
irrespective of time when we know the system was in the state g, and the per- 
turbation has been, say adiabatically, switched on, by 


ae oo)P= | Ca), OO) ade 2=|(Pa I, (6) 


for we may suppose that a,(¢) has reached its stationary value for any finite #4 
In this way the four-dimensional scalar product acquires a physical meaning. 

Now let us investigate the problem from a different point of view. The 
Schroedinger equation (1) implies, when regarded four-dimensionally, a sort of 
supplementary condition imposed on ¥ : 


(ia/at—H)¥=0 — (7) 


{ 


since we no longer look upon ¢ as a parameter along which ¥ develops itself. 
Consequently a ¥ which corresponds to the real world must be of the form 


| 
| 
. 
F ea=0 (iH) 7... (8) | 


If we introduce here a redundant variable c and assume an equation of the type 
a-) a 
pron), 
Or : or ss! (@) . 
and an accompanying eigenvalue problem 
av =(i-9 a! 
i-° H)®, (9") 
(8) becomes 
| Fad) v= (we 
1=0 (A) ¥, sc) BCrdae. (10) 


The four-dimensional view has a static character in that a state is defi 


for all ¢ and after th Sia kee ned once 
ane alter that a condition is invoked in order that it correspon 


d to any 
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reality. But now that ct is introduced and (9) has regained the aspect of an 
ordinary Schroedinger equation, the new variable must play a similar réle as 
that the ordinary time played in (1). As t goes on, a wave packet localized 
over certain four-dimensional volume will move to and fro and change its shape 
gradually. Then we may think of t as something like the proper time of the 
particle represented by the wave packet. If we directed a camera on to that 
particle with the shutter open for an infinitely long time, we should obtain a 
vague strip of world line as the locus of the particle, which would correspond to 
the real wave function Ya. Eq. (10) tells us just this situation in the mathe- 
matical language. 


Next we shall consider the transition probability. If a perturbation term is 
inserted, (9) becomes 


as) . 0 
psi (ginPo. copy, exes jar ul 
ary (3 at al pn 


while the free particle wave functions to which we refer the initial and final 
state satisfy the equation 


(i 2.—H,) Tips i= —H,) v »=0. (12) 
Let us write 20/0¢—A, = ZL, and perform the transformation 
P —exp[—7L7r1¥%,. Hi =exp [iZr] A, exp [—7Zr, G3) 
(11) then goes over into 


C) 


Fie 
Ot 


P= —HE,. (14) 


Starting at tr=t, from a free state Y 4, the transition amplitude at t=7 to a free 
state ¥, will be expressed by 


P( AF) =0(L)(F|U(z7)|4), P(t) =O (tt) P(e), (15) 


since H,! would in general bring a real particle into unreal one for which LY #0. 
Eq. (15) admits a twofold interpretation: a) formally, P(A/) is given from (Ys, 
W(r)) by taking the zero-frequency component of ¥ (c): 


PAF) =2_|"P B(r)) de; (16) 


b) physically, it is the accumulated amplitude for the transition starting from the 
sthte A and arriving at F after an infinite lapse of time: 


P(AF)=("U nr P(c)\)ae= | “FUG, — ©) |A)ae. (17) 


(16) and (17) differ only by a normalization factor. 
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Thus we see that the formal introduction of a redundant parameter and its 
identification with the proper time carries a bit of mathematical convenience: as 
well as physical plausibility. In order to convince ourselves further on this point, 
we shall next recall Fock’s theory and go ahead on his line. 


3. Theory of Fock and its extension 


Fock? once introduced the concept of the proper time in the Dirac electron 
in parallel with the classical theory and proved its correspondence to the ordinary 
proper time. It will be briefly recapitulated below. The classical Lagrangian 
for an electron interacting with the electromagnetic field is given by 


L,=— mex —me?/2—(e/c) (ayy), H=ax,/de, (18) 


and the equation of motion follows from the variational principle 


ct 


d6S=0, S=| L,dz, (19) 


together with the supplementary condition 
+,2=const.=—c. (20) 


Eliminating t from (19) and (20) we get the ordinary action function S(4,) 
for the system. The Hamilton-Jacobi partial differential equation which follows 
from above is 


as 1 I( e = TOF Ss y] — 
orad Se Al _ @ =0,; 2 
Ot Qa — Cc ) c ( ar is Sores \ a 


with the condition 


aS/dr=0, (21’) 
Now turning to quantum theory, the Dirac electron obeys the wave equation 
(pD.t+x) $=0, D,=3/dx,—e/hc- Ay. (22) 


Such a ¢ may be expressed as 
$= (yr D,—zx) Y, (23) 
where ¥ in turn shall obey the second order differential equation 


(yD+x) (D—ayw =[(Q—t A) — 34 oe Fas Y=A=0. (24) 


Fock proposed to introduce a function F which satisfies instead of (24) an 
equation closely analogous to (21): 


Ses) ze 
th —. F=— 
Ot Qe — (25) 


i 
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and express ¥ as a suitable integral of F over tr: 


v =| Fae, (26) 
the contour being taken in such a way that 
C) | or 
° y= dt—F\|.=0 20 
ar oot ce le ’ ( ) 


which corresponds to the condition (21’). 
When we neglect temporarily the electromagnetic interaction, the electron 
becomes free and (25) is solved by 


F(z) =exp (— A) F(0). (28) 
4 


Given an initial distribution of the wave packet over space-time, it will change 
with < by. the relation (28).. But only those stationary states with zero eigen- 
value can ever correspond to a real world: 


AF=)F=0. (29) 


In. classical language, a preassigned pattern of streamlines representing the motion 
of an aggregate of electrons will change according to the dynamical law (21). 
Only the stationary stream is the true state of the world where individual elec- 
trons follow invariant paths. 

Now let us determine the behavior of the wave packet which starts from a 
delta function F(0)=d(x%) at t=0. The answer is easily given by the Fourier 
representation 


4 F > 
F(t, x£)= (5-) jem ole BCA+ (#+2°) /2x) dh, da 


= 2-fae (2°, 2° 42x/) ede =xd, (t, x’) 
7 


t Fe LP ce te es 
ee eee a aan i 4 ), > 0), 30 
Aries exp (3 ai Dy ie (59) co 


F(<,*) is the probability amplitude for finding the particle at #« when we know 
that it was at the origin a time t ago. According to the previous argument the 
real observed amplitude will be obtained when we sum /(ct,+) for all 7>0, 


which results in 


© Dx « 7 «hi . 
eae a) Beery 702 (4 +x) e@ Ls PWR, 


== (4(2) +24 (2) Jordy. (31) 
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Here J, 4, and 4, bear the meaning as defined in Schwinger,? Feynman,” and 


Dyson” : 


= = 1 1 thy xp dh 
A= Paw (2 uw 


A(x) = oe fe (# oe x) Fad dhy, 


A(z) = —24d (x) + 4(x) = eae (2422) He dy. (32) 

Thus we see that we shall be able to arrive at 4,, the fundamental quantity in 
positron theory, if we take F(r,2) for the (five-dimensional) commutation rela- 
tion between quantized wave functions satisfying (25). The proper time < is 
‘nothing but what has been a mere parameter in the integral representation of 
the J-functions. The integration with respect to + followed above, not from — © 
to + co but only for positive 7, is a departure from the standpoint expounded 
before, and corresponds to the fact that four-dimensional outgoing waves divergent 
from a source into past and future are exclusively considered in Feynman’s 
theory. 

Now the starting equation (25) seems somewhat artificial and impairing the 
simplicity of the original Dirac equation. In fact one would be tempted to 
introduce the proper time as a fifth coordinate in a linearized form. Thus one 
may put for instance 


2 g=(r,2-+2) 2 pr= (7,2 —2)¢" 33 
ee no saat Er ah (m3 x), (33) 
which, by iteration, yields 
e ae Wek oe 2 4 se 
( = tO x") $=( 27+O x) ¢ sat, (34) 
A solution of (24) can be written as 
=(r 2. +21) ®, (C2—x) 0=0, 
= ic a 
L=% Bo Oh ye a ey alee By Eimer (35) 
For the commutation relation we adopt the expression 
19, $} =(r, = 5 Lf (z, x), 
fe)=aae fer? a(eet-22) dh 
(274), i a om 


\\ \ 
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where C means the path of integration for 4,: + 00f/-+0->+4 00. First, when 
integrated over t=, from 0 to o, (36) gives 

22 
zy" 


S7o naa —SE I em aera [nae 


27 j al Tw 2 9 i 3 
=— é — 0(42+ tam |e 44 
(Qn) Sy ACR rer bce mr as aso 
and (36) reduces to 


[i@), $”O)}de=— 2 1'4,(2), (38) 


the term with 0/87 being put to zero on integration. The initial value of f for 
t=0 is calculated in a similar way, and yields the result 


225 . Lt Ry xp 
—75 = — Pp. 4 3 
tes r—L)f |: Gaye (i eee ae eo 
But the factor in the bracket becomes 
* Ps : 9 9 
tsp aw =7(l+e), e=7,L'/(—ka—*)%, (40) 
e’=I1, e=+l. 


Thus, (39) is not of the form const. d(x), as it should be. This is because we 
are selecting only those waves which are outgoing from the source point. 
Neglecting ¢, or taking its average, we get the reasonable result 


<{P(%)s T59"(4) > r2r ~ 94). (41) 


In this point the linearized form does not prove to be much preferable to the 
original Fock equation. Though it may be convenient when we try to make use 
of the interaction representation, we shall follow hereafter Fock’s procedure 
which seems most natural after all. 


4, Problem of vacuum polarization 


Now we shall turn to the interpretation of the various terms of the S 
matrix. The starting point is that the probability amplitude for an electron 
going from x to x’ in a time 7 is assumed to be given by 


2 -x) A(r, x—2') = S(t, x—2’). (42) 
vp 


(B*, Hae) =(t 3 


If, for example, we consider the self-energy of the electron, we have to do with 
the process: an electron and a photon start simultaneously at # and afterwards 
meet again at +’, thereby giving rise to the matrix element 
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andi Tu S(t, 4-7) yD (4—-*)- (43) 
hic , 
Integrating over t we get the usual self-energy element. We could also intro- 
duce another proper time for the photon at least formally, modifying D(r—2") 
to D(r,+—2’), But then the radiation field no more remains real. 

The problem of the vacuum polarization is a more interesting subject. Here 
we shall confine ourselves to the external polarization only. An electron, starting 
from x, suffers a scattering by the field at 2’ (time +), then comes back to the 
origin (time t+7’) and there produces a polarization current d7,. This will be 
given by 


Ofy=t 5 7 Trig Ns Ha #7) Ay, S(t; x’ —x)]. (44) 
LC 


Integration with respect to + and 7’ leads to the usual exppession. If we con- 
sider the possibility that an electron can be scattered by the field over and over 
again before return, then we are dealing with an electron moving under continuous 
influence of the field. Such an electron will be described by the wave function 
' satisfying 

AE =AP. (45) 


Its contribution to the induced current is 
1G) er Ba) dr =2218, PEO) DE Az). (48) 


Summing over all stationary states (and adjusting the normalization factor), we 
get the induced current expression 


Of, =2 1 9,(A) PFT D2) ¥,. (47) 


Letting the external field vanish, (47) reduces simply to 


Oat T [; ( = it a > 2 2 thu x 4 a i 
<j piesa Hh coat. Paes (27)4 PAUP nat) eM" ally Seoarats Laaliakht ae 
which may be regarded as zero by virtue of symmetry. If, however, (47) is 
expanded in powers of. the coupling constant, an expression of the form 


n= Aut col DP Ay terre (49) 
will be obtained. The first and second term are divergent, corresponding to the 
self-energy of photon and the renormalization of the external charge respecting 
We shall show, however, that there is ee 
mine the form of d/,. 

Fock resorted to a kind of the W.K 
wave equation (25), setting 


a different method of approach to deter- 


Faet Tf, . | | “se vf e (50), 


.B. method to solve the proper time 


te ce 
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where S is the classical action function satisfying (21). This method is applied 
to obtain the Riemann function R for the Dirac electron, which is expressed as 


R=4 Faz, (51) 


the contour encircling the origin t=O in the complex domain, F can be 
rigorously solved when the electron is free or at least the external field is con- 
stant. In the former case, in particular, 


= a , cttret outs Ls 
Qe 8rhc 2? 

Rat hate Am (me VB) (60) 
82° tc C A4nhv —2 7? : 


On the other hand, Schwinger’s 4-function has the integral representation 


3 ix? axe 
j ig ho UN (53) 


x ~~ —idx Ros 
A(x = : J é cee 4g du= a 
Soa ee 16 


When —2 is positive, we may take a contour integral going round the upper 
half plane at infinity and deviating slightly below the real axis near the origin; 
when —2° is negative, we go round the lower half plane at infinity. Then the 
former contour shrinks to a circle around zero, giving just (43), and the latter 


integral vanishes. Thus 
4 (2) =-> R()1(—#"), (54) 


where 
I. A> 0) 


A= 
r() 0) Ay Si) 


’ 


From this result we see that the function 4% in the presence of the external 
field will be obtained if we choose in (42) a straight integration path from 0 to 
co instead of the circle around zero. When there is a constant magnetic and 
electric field H and £& parallel to the z axis, *=exp(zS/h)f is given by 


S=S > mite [ (g—2/)?—e (¢—7)*] cth see 


2 2 Wag 
+ OF eh fate ligase 


nie 


Spa Zoek (42-0) + GE IAS 2) (55) 


m eH eE sin cHt aa elr 


Shc QZmc me Qc Qme’ 


f= 
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= te aah Er] ; 
fp==OXD | o,Ht+ aaa 
and 
_1 49 (x, 2’) = F(x, x’) dt. (56) 
2 0 
The polarization current is then 
aoe ee ets ) : 57 
Ofi2 Tr| (rs ee x z i A ») 4 (1, * |, vs (57) 
where 
yaad 6 A= Hz, A.=0, A=Ezi. (58) 
2 


Let us consider the problem of the gauge invariance. When 4, is replaced 
by A,+0%/dx,, S acquires an additional term (e/c)(4—#’) so that 49 8 
multiplied by a factor exp [é(4(7) —%(2’)/4]. But the current (48) turns out to 
suffer no modification : 


Oj, Ba dee 2 [4 Ojulenw = Of. (59) 


The gauge invariance is thus guaranteed. The charge conservation law also 
holds since - 


(r++- 47) Sp=s9(—7D ++ a7) =—a(e— 7). (60) 


These relations are a consequence of the equation (25) for F and the initial 
condition: F(*)=0d(x) at r=0. 

On the other hand the usual perturbation formula (40) gives in general non- 
gauge invariant, divergent results when evaluated numerically. In our expression 
(56) for the particular constant field, however, dj, turns out to vanish if we 
regard expressions of the type (#,—2,') 4S) (2, x’) |,-2 to be zero. This may be 
approved because here appears only one singular function and not a product of 
two or more, so that it is a consistent condition compatible with other require- 
ments. It is also shown in the appendix that no essential difficulties arise in 
case of an arbitrary constant field. The self-energy of the photon is,then zero 


at least in the order ¢*, for the first term in the expansion (40) vanishes ac- 
cording to the above result. 


Appendix. Solution for an arbitrary constant 
external field. 


We take the constant external field F,,=—F,,, and the vector potential for 
a La 


ie 
n= (aa) Fa (Al) 
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subsequent calculation. The classical equation of motion is then 


a 


; : ; 
= z 
de” a 
or 
—- oe _ : : Fx, F= ConaP (A2) 
ac mC 
The. Hamilton-Jacobi equation is, on the other hand, given by 
OS rie 1 [( AS 46 
OT 270 


ax, De (4,—2n) Fi) + nie] =0. (A3) 
Instead of solving (A5) directly, we shall first handle the equation of motion 
(A2) which can easily be integrated because # is a constant matrix. 


Sexy | - e He | a == Sir, 


THC 


Thus, 


(A4) 
and further 
(a—2,) —| a-s@)|—— F| i), 


x, =| /—s(r)) | @—m), 


oS | s/c 8) (a—w,). 


The conjugate momenta fg, and the Hamiltonian H=(px)—ZL become 


a id 
mic 


(Ad) 


p=mun—(e/c) A=mx + (¢/2c) E'(x—X,) 
=[ 2 s/u—s) +2 | @—a,)= 2 (14 )/(1-8)- a) 
Fr). (2@—2,), 


Ae 


i Beam ase ( ° 
2 


27 
Vien igs m7 + ve 


a 2 it ei 1 Op 
-(p+—— A) = me + 1 
v4) 2m (p c Z, 2 


(A6) 


1 e 
= mc? + —-- me: 
2 


22 
Wt Cc 


aay" *) 


using the relation for the transposed : 


~ 


SaiS™,> ved" 


where +, are arbitrary constants corresponding to an initial condition in the 
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The action function S, which satisfies 6S =pox— Hor, is now obtained by putting 


s=-> mec (x—X, G(x—2z,)), (A9) 
Cc 


G=F cth (=. Fr). 


The remaining function f is determined by the equation 


ote (TS+ Soy, Fy) f=0 (Al0) 
at 2c 

From (AQ), 

UP s=—*— 77 G&, 

2c 
so that 
f=exp| — ae {In sh ( ; F-)+ ni (oF)=|1f. (A11) 
2 2c 2a 


In these expressions, functions of the matrix J bear symbolical meaning. When 
it happens that det |#”|=O a-d consequently no inverse can be defined directly, 
we should go back to the beginning for the correct interpretation. 

Now that the functions “=exp (¢S/4)f and A, are both even in the coor- 
dinates +—+x’, we see that the argument proposed in Section 4 for the discussion 
of the induced current holds also in this general case. 


References 


1) R. P. Feynman, a manuscript kindly sent to Prof. Tomonaga, which appeared later in Phys. Rev. 
76 (1949), 749 and 769. 

2) V. Fock, Phys. Zeit. Sow. Un. 12 (1987), 404. 

3) J. Schwinger, Phys. Rev. 75 (1949), 651. 

4) F. J. Dyson, Phys. Rey. 75 (1949), 484. 

5) A dctailed analysis on this subject was made by A. H. Taub, Phys. Rev. 73 (1948), 786. 


95 


Progress of Theoretical Physics, Vol. V. Mo 1, jan.~Feb., 1950. 


On the Convergence of the Perturbation Method, II. 1. 


Tosio Kato 


Physics Department, Tokyo University. 


(Received November 10, 1949) 


Part II. Perturbation Method as Asymptotic Expansion 


§ 1. Introduction 


In a previous paper” we gave a proof of the convergence of the perturba- 
tion method (abr. p.m.) in the case of the so-called regular perturbation. As 
we already pointed out there, however, the assumption of the “ regularity”’ is 


rather restrictive, and the theory could not comprise all important applications 


of the method, especially in problems of quantum mechanics. 

In fact, it’is too much to require the convergence’ in the mathematical sense 
of the formal series of p.m. In all practical problems only their first several 
terms are calculated, and they may ultimately be divergent, or even possessed 
of only finite terms, without being unavailable. Thus we are lead to regard 
them as asymptotic rather than power series, and itis natural to expect that the 
range of applicability of p.m, be much extended by this new interpretation. 

= It is the purpose of the present paper to show that this is really the case, 
and to derive. several conditions under which the formal series are justified to 
represent the correct eigen-values and eigen-vectors within the specified order of 
approximation. Although is is often tedious to verify these conditions rigorous- 
ly, they are of quite general character and may be regarded as sufficient to 
justify the use of p.m. in almost all practical problems. 

- As in I. our method. is based on the operator theory of abstract Hilbert 
space. In contrast with the. function-theoretical procedure of I., however, our 
argument is here closely related to the generalized variational principle developed 
in another paper.” We can even say that p.m. is essentially a special case of 
the variational method, where the approximate eigen-vector is so chosen that the 
possible error of the calculated eigen-value is “small” in the sense that it is 
formally of the possible highest _ order in the small parameter. 

It will be convenient to give here a sketch of this relation. If A is the 
self-adjoint operator for which we are to solve the eigen-value problem, the cited 


variational principle consists in making the quantity 


e=|| (7) w||/||~l 
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ice of the number 7 and the vector w. For 


as ssible by suitable cho 
as small as possible by 1 


fixed zw, the smallest ¢ is attained by taking 7=(Hw, w)/\w 
shown” that the correct eigenvalue 4 and eigen-vector g are aprpesimates by 7 
and cw within the possible errors of the order e~ and é respectively. In the case 
of p.m. under consideration, // is represented as a formal power ‘sctics of a small 
parameter x. If we take as w the formal series representing the eigen-vector of 
H, « becomes formally zero. Consequently, if we choose as bed the finite series 
obtained by taking the first 2 terms of this formal series, € will be of coe order 
zx". According to what is just stated, it follows that 7 and w approximate 7 
eigen-value 2 and the eigen-vector g within the possible errors of the order * 
and x” respectively. In other words, 4 and ¢g will admit of asymptotic expansion 
so long as the coefficients of the formal series are significant, i.e. they can be 
calculated by operations within the Hilbert space. 

The nature of our problem requires rigorous treatment, but this is not the 


place to enter into details of mathematical argument. So we are obliged to re- 
strict ourselves in stating important conclusions, together with an outline of their 
derivation. 


§ 2. Fundamental Assumptions and O-th Approximation 


Let us consider an operator H, of the (separable*) Hilbert space formally 
defined by 


H,=H,+21", (1) 


where #7 and IV’ are symmetric (or Hermitian) operators and x is a real, small 
parameter.* We assume that A) is self-adjoint’ (i.e. the eigen-value problem is 


completely solvable for %,). In other words, we have the spectral decomposi- 
tion” 


H,=|'4dE,(2), (2) 


where £,(4), a system of projection operators” called the resolution of the 


identity? belonging to Aj, is assumed to be known. We denote by D, the 
domain® of #7... Further we assume 


x>0; (3) 


this does not affect the generality, for if x <0 we have only to consider —/ 
instead of 1”, 


The problem of p.m. consists in developing the eigen-values and eigen-vectors 


* More general case 


Hya= Hy +x 4x2 V+ ee 


oad 
can be treated similarly, 


but for simplicity’s sake we restrict ourselves to the case (1) in the following. 
‘ 
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of H, as ascending series of x, the coefficients being expressed in terms of A, 


or £,(4) and V. Clearly this is possible only when some conditions are imposed 
on thc relation between H, and IV’. 

In the first place, the operator H,+2zV is defined only in the common domain 
D of H, and V. Hence we must require that D is dense in the Hilbert space. 
Then 4,+xV is clearly a symmetric operator. But this is not sufficient for the 
eigen-value problem to be solvable. For this purpose it must be possible to 
extend (7+zxV to a self-adjoint operator in an unambiguous way. Practically 
this is possible only when one of the following conditions are satisfied : 

i) H,+xV defined on D is essentially self-adjoint? for x>>0*. Then 
Ff,+xV has a unique self-adjoint extension (namely its closure”), which will be 
denoted by F,. 

i’) Both A, and V are bounded below,” i.e. there are constants ¢,, ¢ such 
that 


i ia NCAP 
PEN ZGS. 


Then the operator H,+xV defines a quadratic form ((44+2V)f,/) which is also 
bounded below. On applying the Ritz variational principle to this quadratic 


form, we can define in a unique way an extension of H,+2xV.. It is important 


that the operator thus determined ts self-adjoint, as was generally proved by Fri- 
edrichs.” We shall denote by A, this ‘ Friedrichs extension” of Hj+xV. In 
the following it is assumed that this Hl, coincides with H, for x=0. 
Of course it is rather usual that both i) and i’) are satisfied simultaneously. 
In each case the spectral decomposition of H, will be denoted by 


heyy it | Jj dE,,(a) . (4) 


Under these conditions we can deduce the important relation 
E,(4) > EA), (0) (9) 


for all 4 except for at most denumerable eigen-values** of AH. Here the first > 
means strong convergence.*** The proof of (5), which is based on Stone’s 
thorem™ and, in the case of i’), also on Friedrichs’s theorem™, will be omitted 


here. 
In the following we keep our eyes on a fixed, isolated eigenvalue 4, of A) 


* For the immediate purpose we have only to require i) for x>0. But it is necessary to include x=0 
for later development. 
** In this paper an eigen-value always means a “ discrete” eigen-value, unless the contrary is positively 


stated. 
*** That is, || Zx(A)f—Zy(d) fll 70 for every £ This is weaker than the “uniform convergence” used 


in I. 


98 TPIS 


with finite multiplicity #. Then we can take two real numbers ‘a, 8 such that 
u <’, <fB and that the closed interval [u, 8] contains no other point of the 
spectrum of 7%. It means that the projection operator 


E,=E,(B) —E,(4) (6) 
coincides with the projection on the eigen-space of /% associated with 4. We 


have by (5) and (6) 
B,(8)-E,(a) > By (2+ 0). (7) 


It follows easily that 
dim (Z,(f) —Z,(4)) = dim 4,=m (8) 


for sufficiently small x. This inequality means that the interval («,] contains 
either at least 7 eigen-values (considering the degeneracy) of 4, or points of 
the continuous spectrum of A. 

For our purpose, however, it is necessary to have equality sign in (8). For 
otherwise the multiplicity of 2, would abruptly increase or 4, would diffuse into 
continuous spectrum when the perturbation x/ is switched on, and p.m. would be 
invalidated. Thus we are obliged to introduce the following further assumption*: 

ii) «, # can be chosen such that 


dim (£,(8)—£,(a)) Sm (9) 


for sufficiently small x. 
Then we have, on combining (8) and (9) 


dim (£,(3) —2,(a)) =m, (10) 
which assures that the interval («, 8] contains just m eigenvalues of H, and no 
other points of its spectrum. We denote these eigen-values by 

fey Se Big ek cnc: oy (11) 


Now let a’, 8’ be such that u<a’ <4,<’ <f. Then (9) holds for a’, & a 
fortiori. Also (8) is true for u’, 8’ provided x is sufficiently small. Thus we 
obtain (10) also for w’, f’, showing that the eigen-values (11) are contained in 
(4, 8’ for sufficiently small x, Since the interval («’, 8’) can be chosen arbitra- 


rily small, it follows that 


au Ay, (x0, $1, cores. , m). (12) 


a the eigen-values under consideration are continuous at x=0. The same is 
Meals (the Projection operator on) the total 2-dimensional subspace determined 
y ‘he corresponding m-eigenvectors**, as we see directly from (7). In this 


* However, we shall later be able to relax this 


~ oe restriction to some extent. See 26. 
This is not necessarily the case, 


es under the present assumptions alone, with the eigen-vector for each 
RAGE Naas » Mm) separately, if m> 1, : 
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sense we can say that f.m. ts valid to the O-th order approximation under the 
assumptions 7), ii) or t), it). 

These conditions are in any case necessary* for p.m. to be valid, and in this 
sense they are not restrictive. Also they can be shown to be satisfied in almost 
all problems of application. But it must be confessed that they are often very 
difficult to verify rigorously. It would he desirable to replace them by simpler 
conditions, but as we failed in doing so without sacrificing generality, we shall 
assume them in the following and, as a rule, leave their verification to individual 
cases. 

For completeness’ sake, however, we shall mention two special, but impor- 
tant, class of cases where these conditions are generally shown to be satisfied : 

A) i), ii) are satisfied if there are constants a, & such that 


WF il Sail fll + all /il. 


This is the case treated in I., §4, and the perturbation is even regular, formal 
series being really convergent. 

B) ii) is automatically satisfied if i’) holds and, moreover, the spectrum of 
HI, below 2, consists of pure point spectrum. 

On the other hand, there are a few examples where these conditions are 
not satisfied. One of the most remarkable cases is the Hamiltonian operotor of 
the Stark effect of the hydrogenic atom, where i) is satisted but ii) is not be- 
cause the perturbed operator has no eigen-value at all. In order to justify the 
application of p.m. to such a problem, more profound study is necessary than 
that given in this paper. This is namely the case of “ weak quantization,’ and 
can be treated properly only in connection with the theory of p.m. containing 
the time. We hope to discuss this problem in due course. 


§ 3. First and Second Approximations 


In the preceding section we have shown that p.m. is valid at least to the 
O-th approximation under very general conditions. But this is, though necessary, 
not sufficient for practical purposes. In this and the next sections we shall give 
sufficient conditions for higher approximations to be valid. The fundamental 
conditions i), ii) or i’), ii) are always assumed in the following. 

For simplicity’s sake, we shall for the present assume that the eigen-value 
4, is non-'egenerate, ie. #m=1. Accordingly we write simply 4, in place of 4,). 
Let g, and ¢, be the associated normalized eigen-vectors of AZ, and //, respec- 
tively. 

n sf : 1g 

Then the formal series of p.m. are given by” 


Dg Ay FO $ AO MO foes, (13) 


* See, however, the foregoing footnote. 
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Pu= Po FAO +HGO Hoos sie 
where 

AD mah Ke 0» Yo)» 

= — (SVG, Vo) (15) 

A= (VSVG, SV Go) —A? |S VG", 

gra —S VQp, 

9 =SVSV Gy —> SV Gul GS Vo (16) 
with 

S=|@-2)* dB), (17) 


, . . 
\ indicating that the isolated eigen-value 4, be excluded from the integration. 


We note that S is a bounded™ operator and hence can be operated on every 
vector of the Hilbeit space, and further that 
S¢=0. : (18s) 
It should be noted that these expressions are quite formal and meaningless 
unless we introduce some further assumptions. We shall do this step by step. 
First we assume that lg, exists, i.e. g, belongs to the domain of V. Then, 


since S is bounded, the three coefficients 4, 2 and ¢g™ are certainly significant, 
and we assert 

AHA t xAP 4272.4 0(H), 

Pn=Pot xy x o(x) . 


Thus p.m. ts valid in this case to the 2nd approximation with respect to the eigen- 
value and to the Ist approximation with respect to the eigen-vector. 


Complete proof of (19) is not very simple, and here we must content our- 
selves with the proof of somewhat less precise result. 


We consider g) as an approximate eigen-vector of H, and apply the theorem 
of E., §2. For this purpose we have to calculate 


n= (Por Po) =A +x, 
&.=||(Za— 4x) Poll=xll(V—A”) gol. 
According to the cited theorem, we have therefore 
ako 22| S etd“ 3"|| (V2) gy PA, 
Px Poll S &d = z|| (V—&) gala, > 


where d@ is a lower bound to the quantities 7,—a and P—»,, and can be chosen 
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as independent of x on account of (10). (20) gives 4, correctly to the Ist and. 
g, to the O-th order in x,* and is somewhat less precise than the asserted rela- 
tion (19). In order to prove the latter, we must take better approximate eigen- 
vector than ¢g used sbove, but it is rather complicated since we cannot take the 
next approximation ¢g,+xg™ directly, for we did not as yet assume the existence 
of Vg™**, We give up to enter into these details here. 


* It is the advantage of our method that it gives us not only the order of magnitude, but also a 
rigorous sestimates, of the errors involved, as is seen from (20). 

** Tf VeQ) or —V SV is assumed to exist, 4» will be given correctly up to x4, as we shall show in 
the next section. 
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Summary. 


Generalizing the Lagrangian of the interaction as has been done by Schoen- 
berg, and assuming the relations between coupling constants in the symmetrical 
and charged spin 0 meson fields, nuclear forces which have the same character 
as the Bethe’s potential by the neutral vector meson theory does will be given. 
There is, however, no difference between the usual scalar-pseudoscalar mixed 
theory and our generalized interaction one in the approximation adopted here. 


§ 1. Introduction. 


In studying the interaction of mesons with nucleons the pseudoscalar meson 
theory has been considered by several authors. For many years the central 
problem of the meson theory has been to look for a satisfactory type of the meson 
field to explain the properties of nuclei by the customary perturbation method. 
As is well-known, definite advances towards the understanding of the divergence 
problem have been made. Recently, using the newly developed method Case” 
“and others” showed that the additional nuclear magnetic moments calculated by 
the pseudoscalar meson theory in the Tomonaga-Schwinger formalism could not 
fit the existing experimental data in all cases, namely, neutral, charged and 
symmetrical theories. This point is the serious difficulties for the present meson 
theory. It must be, however, noted that, although it is hardly possible for us 
to decide the type of the meson which interacts with nucleons by investigating 
only the nuclear magnetic moment, still, the difficulty is the important disproof 
for the present meson theory. 

On the other hand, considering that many results obtained by the pseudoscalar 
meson field have been in agreement with various experimental data, one could 
not discard it at once. In the present situation there seems to be another pro- 
blem on the pseudoscalar meson theory. That is the Dyson's theorem” concerning 
the interactions between mesons and_ nucleons, Dyson has shown that the 
pseudoscalar interaction and the pseudovector one are completely equivalent for 
the first order radiative process. It is suggested from his argument that we 


* Preliminary report of the results appeared in Prog. Theor. Phys. 4 (1949), 572. 
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should call our attentions not only to the procedure of the recent theory of the 
quantum electrodynamics, but also to the interaction schemes between mesons 
and nucleons. That is to say, as the interaction between meson fields and nuclear 
particles differs in many respects from that between electromagnetic field and 
electrons, it seems necessary that the meson theory should be throughly investi- 
gated from the aspect of interactions. 

It may be regarded, further, as a feature of his point of view that, contrary 
to the previous treatments, where the nuclear forces came out from the non- 
relativistic Hamiltonians of interactions, the whole effects of relativistic terms 
should be taken into account at the outset of calculations. 

Under these circumstances the problems of the meson and nuclear forces 
must be considered from the new stand point of view. 

We shall treat here the nuclear forces exclusively, and nuclear magnetic 
moments and the electric quadrupole moment of a deuteron are being under in- 
vestigation. 

Now, in order to modify the present pseudoscalar meson theory, the follow- 
ing points are taken into account: 

(1) Besides 7 mesons there exist c mesons which appear frequently in the 
cosmic ray phenomena. But, the estimated coupling constant® between the t meson 
and the nucleon is smaller (about 1/10) than that between the z meson and the 
nucleon. Further the force range of the t meson is rather short owing to its 
large mass. Hence we are able to neglect the effect of the t meson for nuclear 
potentials. | 

(2) Case” pointed out that the pseudoscalar meson theory is peculiar in 
that the meson cloud is particularly closely bound to the nucleon, and suggested 
the idea of trying to seek some model which gives rough qualitative agreement 
with the experiment. According to his calculation the scalar meson theory leads 
to the definite result for the magnetic moment, therefore the so-called mixed theory 
will have the finite one. 

Based on the foothold of the pseudoscalar meson theory, we should like to 
consider the nuclear potential by mixing the scalar field with it or generalizing 
the Lagrangians of interactions as will be shown in the next section. The pur- 
pose of this paper is to examine the nuclear forces which will be obtained in the 
latter direction. 

In §2 we briefly describe the essential point of Schoenberg's” idea, namely, 
the extension of the Kemmer’s” Lagrangians for the interaction. 

Then in §3, making use of the canonical transformation which has been done 
by van Hove,® we obtain the second order nuclear potentials. i 

Taking into account the Dirac equation for the two body problent, we get 
usual potentials in §4. Finally in §5 we compare our results with the Bethe’s 


potential by the neutral vector meson theory. 
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§ 2. General theories of spin 0 and spin 1 particles. 


According to Kemmer®? the most general interaction must satisfy the 


following conditions: 
(1) The interaction term to be added to the Lagrangian involves only the 


wave function of the nucleons without their derivatives. (2) The field quantities 
which enter the interaction expression are the ¢ and 7 only, derivatives of these 
quantities not occurring explicitly. 

For these assumptions Kemmer showed four types of mesons, Schoenberg® 
proposed, however, generalizations of the Kemmer’s interactions by introducing 


the pseudoscalar 7%" 


7P=(—g)*e*®, g=|ge5|, (4, 8,7, 2=,0, 1,2,3), (1) 


€*t8 is the well-known Eddington’s” tensor density, antisymmetric in the four 
indices and equal to +1, according to the parity of permutation «, 8,7,@ of the 
numbers 0, 1,2,3. Thus, for his interactions there are only two types of mesons, 
i.e. spin O meson and spin 1 meson. The explicit representation of his idea is 
as follows (field equations and Lagrangians of interactions for the neutral meson 
field). 0 GS 1) 4 =7, x =z, 4g=9) 458): 


(a) Scalar field. 


ad 
tt =% 7 (2) 
OX. 
=) ie 
are (3) 
a= —f,wd—frrex", ®) 
, 1 as 1 
Lat oat Sasré 7 iS ae Se bas 7°? Ye, ©) 
(=U, p=-Y, u=V), 
(2, k= 1,2, 3). 


(b) Pseudoscalar field. 


Obors _ Wars a Bars _ ane =X Years 


OX, OX, Ox, 0x5 (6) 
SK =a", ) 

Garr = thor =— Bers) 
Le SEA See OEE A te 8) 


ae) ees, 1 
La=sphwy SSK Xasrs Ig 2s Ven $5, (9) 
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(v7 =U, g%——V,, gt be V+). 
(c) Vector field. 


Od; Ob, 
kee oe =H (10) 
oy™* 
| pie tte (11) 
1 ee : Gags op 
b= £1 V8 + — £o%esX™, | (12) 
jhe — wp Es Wit sors gd 1 oi! anys 
1) EG §1 apy 7 er 82 a8 Xr (13) 


(=U, #=—U, xu=F, Ya=—EG) 
(d) Pseudovector field. 


Od, 06. 00. 
a ie Tad Se 

« ¢ 5 

FA) aby 
S =%,0"7, (15) 
(das= —Gsa)s 

l= 1 It BT 1 , 28 6 
aT we. any X a & tas , qd ) 
ted vy, net Pees Ua 7h (17 
cr 6 $1409 Apr 4 82%a87 16) ) 


(Xus=Uo Aoun=—U, bu=—F, buo=—G), 
in which the source densities and the Dirac matrices are defined by the following 
equations : 
w=P*ph, (Us Uu)=(—$*9, pap), 
(torr Haz) =(P* PTY, $*psoP), (18) 
(lous tim) = (Pog, —$*7°d), 
Soizs=P* Po, 
i=—ips%, o=—taa, (i, 4,0: cyclic), ~=—r 777. 
As regards notations, we shall here give a brief survey of them which will be 


used extensively in the following. 

Among these expressions, (4), (8), (12) and (16) are the usual Kemmer’s 
interactions, and others are terms to be added to them for the generalization. 
fi and g/ (i=a, 6,c,d.) are the constants which are concerned with the odd 
character of source densities in the usual meaning. These coupling constants have 
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each the dimension of an electric charge. 

We have shown also the vector notation for quantities of meson fields for 
each case. 

Then, at the first place, let us revert to vector notation for the field equa- 
tions. From abéve expressions we can obtain 


X =grad U, 2, Vee ’ 
div V+ aM a curl V=0O, 
ot 
for (2) and (3), and (6) and (7). For the vector field we can put similarly 
aU 


4 b= = tees —grad U,, x,G=curl U, 
ar (20) 
ae G=z,U, div F'+x,U,=0. 


In the second place, we shall be concerned with the Lagrangians of interac- 
tions. On the contrary to the Schoenberg’s notation, coupling constants are 
chosen so that they might lead to the same Lagrangians in the vecror notation 
for the spin O and spin 1 fields respectively. That is, the Lagrangians are 


L=Lt+=L+ Ly 
el shes | OS eee 
iy [A+ a = +a grad U)| 9 


au” 
ot 


, 

-#"| Kt +Z (0, 27 +0-grad v)| 4, (21) 
: i 

for the spin 0 field, and 


L=h+L=L,+L, 


ace (ii E (a-U-U,) +-#|—p6 (22+ grad U,)+ sO - curl v} | ¢ 


x; 
o! 
= [ so: U—p,Uy) + = {eo-( 22 + grad U,) + p.6-curl v} | gy, 
1 


(22) 
for the spin 1 field. 
The Lagrangians for the free nucleon and the free meson are assumed to be 
of the forms 


‘mee -(s;)] (a-grad $) — (grad g* a) p-+.9* eon $+2intprp.d |) 
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Lyo= -(+) [era U-grad U) +a (27 i 


Lu. = -(+) [ (cu U-curl U) (20 + grad v») (22 + grad v,) | 


+23(U-U—U¢) |. 


Thus, the total ones are given by 


L(i)=LytLy+Ly  (i=0, 1). 


107 


(23) 


(24) 


Defining the canonical conjugate /7, and /7, in the usual way, we obtain 


— 9£0) WU _ tr gay Lt ge py 
Xp Xo ; 


or 
and 
__oL(1) _ aU ee §2 of® BE Aare 
= a( a0 ( 5 +grad U»)+ 5 $* prop 55 P* sop. 
ot 


We can now pass to the Hamiltonians by the usual procedure. 
(Spin O field) 
H(0) = Ay+ Hyo+ Hy + Ao ae. » 


Hy=(=-)|[9* (@-grad $) — (grad $*-a) $+ 2:Mp*p, 9] 4V, 
Hw=(—-){l(erad U- grad UV) +x,? U? + 7,7] dV, 
Hi = {olf PsU+F1 Pr U4 ie (a-gradU) + 2 (6-grad UV) 


fe 4 fe Myo, | pa. 
Xo X 


Fav =f[ (4) or'+(Z) On py +(LE) yr) ood) 


+(ZA)or09) (oy) lav. 


(Spin 1 field) 
H(1)=Ayt+ Hy, t+ Ay + Ai air. ’ 
Ay= (27-1), 


(25) 


(26) 


(27) 
(27-1) 


(27-2) 


(27-3) 


(27-4) 


(28) 
(28-1) 
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| ) ; ie 
. Hu=(+)|] (cor U-curl 0) +$2°(U0-U) + (Sz) IT,) 
| + (i1,-11,) | dv, _ (28-2) 
#!=(9*| g(a oor div II,)+ Files curl U—p.¢ I1,) 
Ca 


+2; (0: Cee p, div JT, ae E(o- -curl 0+ p,¢6/1, )| var, (28-3) 


: a 


sme bffictornrs eYeneors ern | 
ee (LEY tp. 09)'+ (LEN HD) GH +O OO} 


—(£EL){ (9 2,09) (O4p.09) + (G*.69) ($54)}] dP, (28-4) 
x 
where A; air, @=0, 1) are contact interaction terms. 


§ 3. Second order interactions. 


By virtue of canonical transformations which have been used by van Hove,® 
the terms H// of the first order in coupling constants are carried over to the second 
order. Here we shall adopt the same notations as van Hove's, and consider the 
spin 0 field and spin 1 field separately. Let us write down the matrix elements 
of, H7/" for a transition from a initial state’ @ to a final state Y of the system. — 


iene (1) re 
O= 752 ay gf Pre . . : 


¥ = 3 = we. on G2, (29) 
(Spin 0 field) | Ps _ 
The Fourier expansion of the meson field is 


ek he pa —= -[U() exp {#(K-a— hy) } 


Zz 2h, 
*e) | +U*(k) exp {i(—k-a+Ax)}, (80) 
a bg=P4x), haV PERS. (31) 
After some computations the transformed Hamiltonian leads to 
e°7(0) e“=Hy+ Hy, +e a Fi" \ ; — (82) 
FS) AEE Pa PI Egat HL 1B 12 Opes 6 BB) 
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Hs. ne yo OP + Fe 08. 13y at ryan: wane = (Exn— En) 
(Em —Em)* cs —&)° —h, 
(34) 
FT, As J +f ni (éd fe (+02) Ema a (35) 
(Fone ~E.Fak he. (Bauer Lin, )i a 


Hy =—(2 if ot) 4) 4. 6 61 (MOP + Oe) 
= (22) P+) 454 i ae chs 


on hye (P+ APMP) Ban Ea). _j (Lf) (P+) Em Ea) , (36 
Xo (En En)” Sing X (4- Finye = 


here fl=fl +2 (4) fi, | (37) 


Ln, £,: Initial and final energies of nucleons. 


and 7, and 4, are usual pseudoscalar and scalar terms, but A/%, is the mixed 
term of them which comes from the generalized interaction. It is the remarkable 
fact in this expression that (34) and (85) just coincide with the Nambu’s™ 
result by making use of the relativistic formulation of perturbation theory* except 
the contact interaction terms. Then, the so-called vector interaction of scalar 
meson vanishes completly in (384). Hence Case’s” result holds also in our gene- 
ralized formalism. 

As can be seen inwhediately, there exist perfect corieepondentes between 
the contact interaction terms of the initial Hamiltonian and that of transformed 
one, and they cancel out each other. In other words there is no ambiguity of 
the contact interaction terms which has been in the derivation of nuclear potentials 
by the perturbation method. Of course, it is the well-known fact in the Tomonaga- 
Schwinger formalism that when nuclear forces are restricted to the seeond order 
in coupling constants, there atise cancellations for scalar and pseudoscalar fields 
respectively as shown by Case. | 

(Spin 1 field) 


We first write the Fourier expansions of the meson field as before : 


|e (UF (4) exp f7(—k-a +h, %) } 


OU (4,*)= Sap x 
1 


A ages exp {i(Ie-—ky%) }] (38) 


(2) exp {7 (k-w—h,2,) } 


: Tass =)3 a [ &fe-0 


V 2k, ee 


* The term zgf < < vu Vw dt is missed there for the scalar meson field. 
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#()} exp ti (— hear + hy) th @9) 


kit 
1 ok U* V2 9 
+33 {et (4) ar 
Veopaue ( )| fe 16,U,(4) + £1 0,()| exp {i (-e—ho xm) } 
b Wiad . V2, x; porate r r \ke| : y, : 


—{+4 Se Ure + Ur bexpli(—k-se+ hx)! (40) 
r=1,2 j 


G(z,2)=n (~-) tile. x K]U,(2) | exp {i (Ka — hy ay) } 


EV 2k, 
+{>3 [e* x k]U*(4)} exp {i(—k-1+4,%) |], (41) 
r=1.2 
where N(k) => U*(2) U, (4). (42) 


Hereafter, we shall quote the van Hove’s results for the vector meson theory. 
The straightforward calculation gives 


éY H(1) = Ayt Hut Katte. ty" (43) 
Hy= (27-1), Huy=(28-2), Huan = (28-4), (44) 

FA! = DP ans Yor Yon © (He. + Aye. t+ Ae.) Lon Loe Crna (45) 

H,,=van Hove’s equ. be (46) 


Fy. = 81" [(8-0° ae {2p + (G-K) (GK) }] 


+ (EL) (ah? 2 (0) — 19 4 (6-1) (Ie) 
1 
$42 (7-7) — (7-H) (7-4) 
, / 
+i(4EEE) [Ce fx ]) — Fe [7x 0%) 
1 
— 14° 6 (0 Ke) ‘ies 1 (47) 
Hassel [(a-0”) + (a0) +* { (aK) (6-K) 
+ (a) (6-8) 42240) 
+8284 [AP (7-0) + (7.0) ] 
(818: 2 
+4 (ELEY Ce-[1 x a) — Ge [7x a) +400) <P (6-)] 


-{ £, lo : r , ‘ 
le (ea) (CoS? +p) (Ae: [o x 6 ]) — (7K) + (7s) ], 
| (48) 
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where H,,, H,,, and A, have the evident means as explained in the former case. 
It is convenient for us to modify above formulas by the next relations. 

K=P i. —Pa=Paa— Pen Emy— Eng= Em, — Eno =9, 
(6) =p (Eq, —Ly,) + 2M, (49) 
(o™. fc) =p a En) — 21M o>. 
Then the final results are 
71,,=van Hove’s equ. (25), (50) 


i 
Vegas 
*s Ake ies ian Ky 


Ziel! Apo iia 2 )d oes spy (OL) 
Hye (EY) 8" [(O- 5) — pp? + AM” 0 
1X2 tg! go 
—() “0 tral S182 ) 84, : (52) 
z, ¥4 
Fy (B= 8 [ 2 (PP £0) Eon Ea) | 


AG 


+ («et [i (9? + 9) {2+ 06 + (al-a8) | (Big + Bu) 
x, é 


—7 (8 + PY) (2 — F,.) J, (53) 


“) 200 (e+ 0) Ent En) 


-\2 F 9 
Fh. BE) =( 2) [ Boag Bie)? LAP ACS: 8) <b 7?) 
x 


— (Bin + Ep.)* (A? p+ 05?) I, (54) 

Ha =(EY A (EJP AME?-2)4(LJ GO), 5) 
p.v.dir. x, 1 x, x, 

77 i THA (2) 4 AB) FA ens (56) 


(Z, —E,. he 
Hg (B") = 538) [(a?-) + (a0) — (99 + 9] 
+ $284 [AAP -6) + 0? (4-4) ] 


Bee ) [2.12 (8? + p o)]—-(4¢ £2) [417 (p+ p)], (57) 
x, 1 


HB) =—e.0| 2 nn Fa) (08+ 09) | 
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ea 
al 
Lo 


— (se ) ee sy, (oS + p) 4 (a- a) —2}] 
a 


+ (LB) (n+ Ba) (PP +P OP) (HP-0) +1} 
1 


~i{2 (Ba + Em) + (Em—En) | +Y) (58) 
a! F : 
ar (LEE) (09 + 02). (99) 
1 


Now, with respect to the contact interaction term, it is impossible to obtain the 
unambiguous second order interaction for the spin 1 field. In fact, we can show 
that there is a term which has no counter term to be cancelled in the initial 


fxs 
Hamiltonian. For example, the contact term (£2) (7-7) which arises from 
x; 


(47) is in (55), while there is no term in (28-4) corresponding to it. Thus we 
should like to conclude that the spin 1 field is less successful than the spin 0 
one. It is, however, necessary for us to note the following point. Although we 
have got discontent answers for the spin 1 field, we can neverthless find that if 
we take only the usual vector meson theory, the contact term could be dropped 
out in a relativistically invariant way. Because it will be given in the van 
Hove’s equ. (25) as follows : 


e ser ph E) +H (EL) +H (ED) 4+ Fae, (60) 
m,— ny) — &o- 


Ve 


Pyar = — Hic —(&) 60. (61) 
1 


The last term is a scalar, therefore adding the counter term of it to the initial 
Lagrangian we are able to eliminate all contact interaction terms. 


§4.. Nuclear potentials for the spin 0 field. 


By the above considerations we have to examine more closely the spin 0 
field. In (33) there are Dirac matrices such as Pu Px and py 

We shall first intend to reduce them to o by means of the Dirac equation 
for the two body problem which have been used by Araki.” 

Now, we may go over by a ordinary method to the configuration space, and 


carry out the following computations in the non-relativistic and static limit. In 
this approximation (33) leads to 


? 9 2 Ag i 
SSP A APA A? OP AA LEO? 0? + 0 PY}. (62) 
+ 


The summation is replaced by integral and this 


: gives rise to the Yukawa poten- 
tial. Then, the Dirac equation is 
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H¥=EY, (63) 
H=(pP0 P, + po Py + Mp + MoO + W), (64) 
W'=— (FPP PLP PLLA PM +P PSO), (65) 
$(r)= 7 — exp (—n7). (66) 


We expand ¥ in a linear combination of products of ¢ and y: 
Pap yi ys +o yiye toy ate on we, (67) 


where y* and y~ are the normalized eigenfunctions of p, belonging to its eigen- 
values +1 and —1 respectively, and ,, p, 4nd p,; have the following properties 
story vand.¥.; 
Sires Ee i At) ae ne ap k 

eeu b bap te “4 : (68) 
i? Ma? elle ESN Fa Na OW ge hanlg ¥ OSD 


Substituting (67) into (63), we have a system of simultaneous equation for 


ptt, bt-, potand g--. 
(E-¢f24+64,") ($*- +¢°*) = (6% -P,+0%-P,—2i6f fs) (¢**+¢--), (69) 
(E—46f?—9f2") (P*- —9$-*) =— (6 P+ 0%. P,) (gt*—-¢-), (70) 
(BE! —Bf P+ bf ott + (2 —-bfP + of) - = (6% P,+0®- Ps 
+2064 f) (G*-+¢°>*), (71) 
(LP Gf + ofr or* + (BU 4b feP + Of o-- = (6% P,— 6% P,) (G*-—$*), 


(72) 
where d=6(r), B=E-2M,  E"=E+2M. (73) 
From (71) we obtain 
El ptt = —Of7 bt + [Bf prt —(B"— bf + ye 
+ (6. P, +0. P+ 26 fy fh) Pr +9¢"*)] (74) 


Utilizing the remaining relations (74) is transformed into the equation 
involving only @ on the both sides. 


Bye =| (Rt PY) -Hi- ZAP) 40 PA" + (6 P)$(O- Pfs 
— (0. P,)6(6- P,) f2— (6 P,) 6 (6%: Py) f?}] $** 
24 2 eetiig 2, py (4 t+th'+Pf) 
[or EP) (6B) (OP) ae 
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+ YE __1(@.P,)—(-P,)} 11 (6?-P)— Pt] 
E" + ‘ft 
(EU 4 bf +9") ne 
where P,=|P,|, and P,=|P,|. 


Thus in the approximation mentioned above (75) becomes 


Bip =| (Pt4 PB +e (O-P,)(O?-Pr) Gfr+of2) |o*, 


(2M )° 
(76) 
where .P, and P, do not operate on ¢**. 
Remarking that 
(6. P,)(o® mp 20) ere =x ing = (6-6) 
rv r 3 
(2), " 
+ (LEP) _ (a. 0°) (24 4 \, (77) 
an <a ocean 


we get the final result : 


. 2 


rm [1e-() (pee Bn) ah co-2 esuto}] 400. 
in which 


4 (2), = 
Su=(C\2 (aa, w(r)= A Bes vt Sy (79) 
r 3 pe a 
Hitherto it has been assumed that the meson fields are pure neutral, but 
when the symmetrical and charged theories are considered, the following opera- 
tors must be introduced in the right side of (78). 


T= (2-2) /2 (Symmetrical), T= (6? 4+ rer) /2 (Charged). (80) 


§5. Comprison with the Bethe’s potential. 


It should be noted that the so-called cross terms which have been in (62) 
vanish in (78) by virtue of our approximation. It is impossible to distinguish 
whether (78) is derived from the mixed model or the generalized interaction 
one. Further, it is obvious that if 4,=0 (or if Ji =f’ =0), (78) gives the 
potential of the pseudoscalar meson field (or the scalar meson field). For 
simplicity we assume the relations between coupling constants : 


S:=)/ =f! =f. (Dimension of an electric charge !!) (81) 


Then we shall write down the potentials for various theories. 
Symmetrical theory. 
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Singlet state. We~—f? d(r). (82) 
: : hs fs 
Triplet state. WwW; ~ > (=f? So (r)) 8). (83) 
Charged theory. 
Smglet strte. Wi~—2f? d(r). (84) 
Triplet state. W; (aif So ()) d(r). (85) - 
On the other hand, Bethe’s® potentials by neutral vector meson theory are | 
Singlet state. W i= —2g7 O(r). (86) 
° 2 9 9 
Triplet state. Wi=(—- g°—g" So(r)) 6). (87) 


Comparing W, and W, with W,, we find that our potentials have the same 
character as Bethe’s does. 


§ 6. Concluding remark. 


We have been shown that the expressions for the nuclear forces by employ- 
ing the mixed meson theory or the spin O meson field are found to be in sym- 
metrical and charged cases just the same as that obtained by Bethe for the 
neutral vector meson theory. 

Although in this way the theory of nuclear forces can be brought into more 
satisfactory form, the well-known difficulties of the potential at the origin are 
inherited also by our theory. The singularities are, so tc speak, the proper 
characters of the meson field, and thus a more profound modification of the theory 
is required in order to remove these difficulties. 

In spite of the provisory character of our treatment, that is, nonrelativistic 
and static approximation, and relations between coupling constants, one should 
not forget that the result obtained above might have a few features in contrast 
to the method by using the ordinary perturbation theory. Firstly, contrary to 
the previous treatment the contact interaction terms do not appear in our case 
for the spin O field. 

With respect to the mixed theory, various attempts’” have been put forward. 
For example, it has also been suggested by Yamasaki’® that the reasonable values 
of the deuteron problem could be obtained by mixing a scalar field with a 
pseudoscalar one. Nevertheless, the ambiguity. of contact interaction terms. still 
remained, for he carried out his computation by the customary perturbation 
method. Secondly, we should like to point out that our potential is in conformity 
with the expression derived from the relativistic formulation of the perturbation 


theory. 
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Apart from these problems, for the fixation of the choice between the two 


n O fields (symmetrical or charged) responsible for the 
The results of recent ones 


It seems, there- 


possible types of spi 
nuclear forces, a criterion is afforded by experiments. 
seem quite cleary to indicate the presence of neutral z mesons. 
fore, plausible to assume the symmetrical spin O field for the meson. There are, 
however, some arguments for it, because according to Taketani, Nakamura and 
Sasaki,” it is demanded that in order to explain the angular distribution of the 
neutron-proton scattering, a neutral meson field must be added to a symmetrical 


one, 
However it may be, it is a promising trial for the problem of nuclear forces 


to adopt the mixed field or the generalized interaction theory. 

The author wish to express his heartiest thanks to Prof. H. Yukawa (now 
at the Columbia University, New York) for his invaluable suggestion and also to 
Prof. G. Araki, Assist. Prof. T. Inoue, Mr. H. Kita and Mr. H. Hasegawa for 
their kind discussions. 
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1. Introductory Remarks 


The preblem of self-stress of an electron interacting with electromagnetic 
field was firstly investigated in quantum theory by Pais”, who found that this 
does not vanish and has finite value amounting u/27-m (a: fine structure con- 
stant, m: mass_of the electron). Then, observing the relation between energy 
and momentum of moving electron he concluded that the current theory is not 
yet fully satisfactory as to the stability of the electron itself and the description 
of it as relativistiv: particle. On the other hand, the theory iecently developed 
by Tomonaga and Schwinger proceeded in the way of renormalizing the mass of 
electron, This sosrocedure is to amalgamate the additional energy of an electron 
due to interaction with other fields into the original mass by a canonical trans- 
formation. The reason for using such a canonical transformation is given from 
the view poiivc that any subtraction must be performed by canonical transforma- 
tion to maintain the Hamiltonian from which we started still to be Hamiltonian 
after the sut traction. 

Thus, tae fundamental requirements of current theory are of two sorts: the 
one is that the self-stress of any patticle is to be zero to secure proper trans- 
formation relation of energy and momentum as paiticle and to stabilize the 
particle. The general transformation properties of energy and momentum tensor 


are as follows: (A=c=1) 


TydV—BA\T,, dV 
pa—(rav=—! ss fea pu 


° 


\TudV—ST,aV 
te 


G=—i\T,dV=— (1) 
where ° indicates the rest system of the particle. , 

The other is that the additional term in ed V due to the interaction 
with other fields is to be renormalized by a canonica) transformation into the 
_ theoretical mass. 

Now, proceediug along these Jines, we found that the second requirement is 
not independent to the first: i.e. the renormalization of mass by a canonical 
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transformation does modify the self-stress, in general. Amare varias ere 
particle up to spin 1, only spin 1/2 particle agen above two pa gs eae 
taneously, i.e. if the self-stress is made vanish by some a= = as oo 

theory”, then the additional energy can be amalgamated into Original mass by a 


canonical transformation without affecting the self-stress. The particle with spin 
0 or 1, say, so-called mesons, Cannot be pictured as particle with miass +o 
, 


by a canonical transformation, even if the self-stress vanishes and (1) takes 


correct form as particle. 
These states of affairs can be shown as follows: as a first example, we take 


the system of electromagnetic field and the electron: the canonical energy- 
momentum tensor of this system in Heisenberg representation is given by the 
following : 
T= 00x Ob. om 1 0 
OG Ox, 2 


y y 5 b SCR 
shite SE (st 2 — 98h) (1-2) 


ny 
Ce Fe om 2 oz, =" ak, 


where ° indicate that the quantity belongs to Heisenberg representation and 9, is 
four-potential of radiation field. To bring this expression into interaction repre- 
sentation, we seould perform the following canonial transformation”: 


8a] 


Ule] Dacron = Po] ; i a(x) == 7 (x) Pla] 
Pe EEC) Ulo]; H(*) =ied'(x)7? h(x) 6, (x) (1-3) 
da(x) 


° 
Then, writing U[c]¢,U~'[o]=¢,, etc., we obtain as energy-momentum tensor in 
interaction representation : 


Shai EWE tee Tie ee es en 


Om KOr 2 0x, Ox, 


pat f pis al ag" rh of ve ht (>™ (5A AT ‘ 7 /, r 
+ (87 SE FE 8) + Ze CMO MY G-6-M (ed) 


¥ 


where 4, is unit normal vector of surface a(—(N,,)=1). 

Here, the first requirement says that 1—1 component of this is to be zero. 
If it is not so, one should use some device as f-field theory to make it vanish. 
Then, to renormalize the electron mass by 


an amount 6m, which came from the 
interaction with r 


adiation field and also probably from the device used to remove 
1—1 component, we should make following canocic 


al transformation in accordance 
with second requirement” ; 


MoT lo] odie] 5 Peel) — (27 (2) dmg" (2) $x) Palo] 


OU lo * 
en =om$' (x) $(x) U[a] (1-5) 


‘ 


— 
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Denoting U~[o]F(x)U[o] as F(2), we obtain: 


f bei al Op Co TU, Co _ 9b. Ob. = 1 y Ob. 0d, 1 t+ Op ins ag! (2 
‘ ie H U7] Oty ax, 2 at Or, Ox, - y C ( Ox, 04, : ¢) 


+S POO Mr? 47°F M7) Fb NAMM, dm gig (1-6) 


By this transformation, of course, the equation of motion of the electron becomes 
as that of mass m+dm=m: (0m=dm+0(dm’*)) 


(77 2 +m) $=0 (17) 


Now, (1-6) shows that 7%, just gives the value as an electron with mass m, 
and since the subtractive term only affects 4—4 component : 


cats be = Fae yy OM <pigb> 
<> ort Sod > m=mMm ad -8) 


So that, if the self-stress has been vanished (by f-field, for example) the electron 
becomes stable and we have correct energy and momentum relation as a particle 
with mass m#+0m, since the additional energy to 4—4 component can be amal- 
gamated into original mass without affecting the self-stress. 

The different situation occures for spin O or I particle. We treat as the 
second example, the scalar meson interacting with electron (f-field). The 
canonical energy-momentum tensor in interaction representation is as follows: 


Tyy= * aaa el ag e+ 1698) 


(ot SE ja es +fN,N, gi $¢ (1-9) 


where ¢ is meson variable, # is meson mass. Here, also, according to the first 
requirement we should. obtain vanishing 1—1 component for meson. Now, 
assuming this requirement is fulfilled by some device, to amalgamate the mass 
correction of meson due to virtual electron-positron pairs, we should transform 


the state functional as follows: 


Oa]=U[a]Paslo}s 4 Se = (a) — Hd p62) 6(2)) Pal] 


Des =pdud(x)b(x)Ulo]; A(x) =fi"(a) 6) (1-10) 


By this transformation, the equation of motion of meson becomes : 


(2 — (8 +2101) $=( 2 — (14 81") 8=0 (1-11) 
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y as follows: 
regarding dv as small. Energy -momentum tensor becomes 


* _ 06 Oo 1, a6 «Od +1036 
T,=U ‘[o| TT [e|= at, 3 Py 2 Ouy er Oz, ) 
t 
+L (gir 2 7,9) +N MPH Fo B98 A-12) 
2 Of. © at, 


where p=ptou. (dp=de+a(dH’)). ion = 

Thus, this expression shows that the renormalization of additional mass by 
a canonical transformation can make Z,, as that of meson with mass 4, but 
moreover modifies 1—1 componet by just the subtracted amount: 


<TD> = <Ty> pop HHO <dOd> 
27 > = <1, >o-, Pees =8> (1-13) 


So that, if the self-stress has been vanished before transformation in accordance 
with first requirement, —\7,4 V=0, which implies that the energy and momen- 
tum of meson has correct relation as particle, (1-13) shows that the meson 
becomes unstable and its energy-momentum relation as particle is destroyed after 
the renormalization procedure. 

Thus, we arrived at the conclusion that the two requirements of current 
theory cannot be satisfied simaltaneously in this case: the vanishment of the self- 
stress, i.e., stability condition of meson is not independent with the mass renor- 
malizatjon by canonical transformation. 

ni above considerations, it seems that between spin 1/2 particle and spin 
0 or I particle there is essential difference, the former can be pictured consisten- 
tly as stable relativistic particle, but the latter cannot, along the self-consistent 
subtraction method of Tomonaga-Schwinger.» Here, it is to be remarked that 
as we will show in the following paragraphs the mass zero meson or photon 
has zero self-energy and self-stress, if the expressions of these quantities are 
adequately regularized, and only these can be pictured as stable relativistic 
patticle among spin O or 1 particles. 

If, the so called mesons in cosmic-rays are to be regarded as relativistic 
particle, they are to be spin 1/2, or otherwise, as a theoretical description of 
them, we should proceed another way from Tomonaga-Schwinger theory to make 
vanish both self-stress and-energy simaltaneously. 
of these secures the particle aspect is obvious. 

We discussed in the above the consistenc 
ot Tomonaga-Schwinger theory. 
subtraction procedure. 
by the 


The simaltaneous vanishment 


y of the two general requirements 
Next, we want to tatch briefly to the realistic 
In this realistic procedure, different from the subtraction 
canonical transformation, one can subtract self-energy and self-stress inde- 
pendently by mixing enormalous number and sorts or fields, if one wants, and 
one can give the particle aspect to meson by making to vanish self-energy and 
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self-stress simaltaneously. But since this point of view is realistic one, the system 
is to be closed: the another problem arises as to this closure of the system, 
before finding the closed system one should try and try, there seems to be no 
guiding principle to find this closed system at hand. 

The situation be it so, we want to survey actual behavior of self-energy and 
self-stress in the following papragraphs, postponing the conclusion to the last 
paragraph. 

In the course of calculations, we found general relation between <7,,> and 
<T,,>, which includes Pais-Epstein relation as a special case. This will be 
discussed briefly at paragraph 7.* 


2. Self-Stress of an Electron due to Scalar-Meson Field 


Since the full account on this subject made by Pais” concerning f-field 
theory has not yet been appeared, we want to give summary of our calculation. 
As to the procedure of calcuation, it seems to us that the ordinary perturbation 
theory is only preferable one for the evaluation of expectation value of self-stress. 
Firstly, we transform (1-9) into Schroedinger representation : 


JntP=Doe|{ ths Liz |, OM 8G +9") 900) 


(ALE Lh} B] ease) ooscm sen e-ny) 


Tf ame pt (py 9(K) +a pn" I) Fae Panda (2-1) 


where we took the surface o as flat, *(k), d(K&) are emission and absorption 


operators of meson with momenium k, k,=~V|k\?+2 is meson energy, ap» % a 


are the creation and annihilation operators of electron in the state with energy 


£5 and Eq respectively, 7, s designate the positive and negative energy states, 


and { |}, means the component of a four-vector. 

To obtain the expectation value of (2-1) for the state with one electron in 
state of momentum p,, one need to construct (O.'7,,a7- M) with perturbed 
state functional %. If one confines his attention to second order approximation, 
one need to take P# up to second order expansion, but from (2-1) it is clear 
that among second order te1ms only states with one electron, one pair of electron, 
no meson and one-electron, two mesons contribute to the expectation value. 


Thus, the effective part of perturbed state functional becomes as follows: 
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Sn O(pi—k, O ,k) (pi—kir'|po) 
hah ME Ae 


O(pi, UU +k, kU A+R) 
eat “QRe (—4,—£7,%—*) 


Toes Os 
APE Fig eS, 
= I ae - + »|4l ant 
0 (pi —k—Kh’, O_,k~, kh) (pi —k—k'|r'\pi —k) (wi —Fi7'|Ps) 


Vik, V 2h Ey, — Sp,—k—k’ —*0—*0) (Ep, —£p,-n— *0) (a) 
pus P (py, O- Keke +k |0*)(@|7|F +) 
TS Shy, ot hPa = Bi Spe Ao 


O(pi—k,U,t —k, O°) (& || —k) (pe —ki7'|pe ) 
cea oa : EE.) —E 7 
Kldp—k 2h Ey, — Ey, 1H“ t-K) Fp Spy ke * 
O(pi+k,U,l +k, opi Bile) CIE 
K LAD, Pot k 2h (Ep, —£p, +k a io E,.K)(-*y “ae ») 
ex 0(p8,* 4h T +k, O) (+k |0) EC lr'|t +k) 
K lAPy, Py—k 2ky(— 4,4 4-74 &) (fi, ont a 0) 


O( py, Uj, ODE +k |b) Oe +k) 
ow : 
PS 3 ha —Lig=— Ei yt hig ss i ey 0) 


sa [ (pi | lps —) (ps —k 7 |pF) 
MONG ky (E ka’) 


+f? 
(b) 


Pp 

mm | + + 1.41 7™~ . 
gy Fk) ET +k) 
tAp, 2h (—E,—E,,4—%)* 


]2@,0,0) © @2) 


| 
. 
| 
. 
| 
| 


where @(p},O ,O~) means the unperturbed state functional with one- -electron, 
filled negative energy states and no meson, and so on. (a) are states with one- 
electron, two mesons and (b) are those with one-electron, one pair of electron, 


no meson and (c) is the renormalization of probability amplitude. Then, 


observing (2-1), it is sufficient to retain for (a) only those states in which | 


mesons have opposite momentum and for (b) electron and hole have same 


momentum. Constructing (@. \Tuyd V-®) and subtracting from this the value 


of vacuum, we obtain as additional term to aif, ane Pe 
3 <|7nd V>= 


=f? spi lrlp ‘ee eet Bir ey _ wi{t} {2 


Bo 2h (E pay es) 
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_ (Bi l*|Po +) (Do + Arle) |. 
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LL sas bat ata bot Cit, fel se ft 28 | CR 
From this expression, it follows immediately that d<\TudV> =— Wey and 


6<|T,¢dV> =0. The latter is the general consequence of the conservation of 
momentum throughout initial, intermediate and final states. Thus, the self- 
momentum vanishes generally. 

The expression for resting electron (j,=0) becomes : 


1 | jai 1 eld L-m | 
m—-E—-k, —m—l—k, 


a<|7 jes > 
a4 © ie a 4h, E 


9 : 1 1 1 L+m L—-m . 
a<|7 adV> =f? | | = |# 
a I z BL Az re 42,74 JL(m—E—k)* (—m—E—hy)’ 


Q 1 m | 1 1 | 5 
f= Be oP 
I = 3 444° Lm—E-k, —m—E-—k, 
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Sn ae 


1 ee eee {2 pet ea 
ke ; ARSE 


m—E—k, —m—E—k,y 


E+m —_E-m | ( 2-4) 
sail = po lamer —m—E—k,y 


The last expression converges, and becomes for #=0 as follows: 


Pek. ee 
Wi— os a 
nae EP =) oR a k GE(E+2)% 


fe USES, (2-5) 
Az 


b<[PrdV> po=/*d. x 


The same value is obtained for any value of # by direct calculations.** 

We should add here some notes as to the consequence lead by th = vanish- 
ment of the self-momentum. If one solves the second equation of (1 -1) for 2 
and put this to the first equation, one obtains the energy E expt essed by 
momentum p (=G): then, writing <—|7 dV > =m-+-d0m, and exp anding to 


Om, one obtains as the expansion of &: 


E=Vie+p +———. m+ 0 (dmy? (2-6) 
+P 


Vv we 
It is to be noted that, in this expression, <j7,4V > coes not af »pear, and 


since we now have the result of vanishing self-momentum, which impl ies p=p, 
(momentum of the unperturced electron), and (2-6) becomes: 


E=V 1? + pe + 


mM HN 3. - 
ie eee Om=E£, + Om (2-7 
V m+ pe ‘m ) 


This shows that, even when the self-stress does exist, the adclition al energy 
written by the unperturbed energy and momentum has the forn 3 -dm. So 
° 6x4, 1 his cannot 


that, though appearently this additional energy has the form 


be identified thoroughly as the mass correction term”. 


3. Self-Energy and Self-Stress of Scalar-Meson due to 
Electron-Positron Pairs 


In the preceding section, we ealculated the self-stress of electron due to the 
scalar meson field, then, inversely, we want to calculate self-stress of scalar 
meson due to the electron-positron pairs. This will serve to examine t Ie closed- 
ness of the realistic subtraction procedure as C-meson or f-field-theories. 

As stated in 1, the meson is only stable relativistic particle when i t has no 
self-energy and self-stress, so that we want to survey under what conditi on these 
can be fulfilled in nowadays theory. 


The perturbed state functional with one meson of momentum & in the un- 


a i eee 
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perturbed state which is effective in the calculation of second order modification 
of energy-momentum tensor is given by the following: 


(4K, 0) Ethel) 
V 2h, Garay “4+ det 40) 
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DEN rams ay ae ar 
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: (0%, 0°, =, WW) U4 Weyl) |e +) 
toes —— ae: : (b) 
: ae ee Qhe! ( — he! — ho!) (— 2, — Ey. 47 —r') 
(=—k: V 2 times) 


ifs >i (|p| +k) (Ut +k AC) 
94.47 2k, —E,— Ey. yp +40) 


CMC) V9¢06,0°,2°) ) O-1) 
(k/=K- 2 times) 2he (—£y— Ey ph’) 


whei-e (a) are states with one-electron pair, one meson and (b) is state with 
three: mesons and. (c) is the renormalization term of probability amplitude ; only 
these contribute is easily be seen from (2-1). 


Then d<|7,,aV> becomes, after subtracting the vacuum value: 


(| |t +k) (+k |0 ) 


a<{7,,4V> =-2f73| 
t 


(2 +k|7*|0*) O70 +k) 
+ Os Oy4 
2h (—£,— £7 4.4 —*o) 


Cun ea ie ia 2 aa AE 


Ale eee ik, 


i Dh(—E,—£,, yt Fo)" 
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+i{? | fiz fe +(U+k {4 | me hie» | 
eK CLS | {6 fle) Grit +) 


+ <transposed > 
Fi 4h, Ey (—Ey— Ey, +40) 


Fy (@ |7|€ +k) (+h . et kane (lt +kiyl0-) 


+ <transposed > 
l 4k Ey, (—4,— Fy, p+ Ao) 


= = a (t+k > S = ‘e\ a4 - 
aa k}{ 2 U+ +k) (U+ hl |0*) 
st We +e) (C+ ie A 0 iA )¢ + <transposed > 
t 4h Ey 4 (4,-4.4) 


be eae is L lZ- 
ec : Ct) (at NZ Rk 
ay! +l |b) Co Ie I io I eT + Presi, 


i 4A (— 8), Sm) 
ry fC i+ Cee), C+) Oe +k)7, 
us aah 7 ~ — ine y: E ae on A 


BiEaNrstceekee nae 
Qhe | sha ta Lae tO thy ate teu o (3-2) 


As before, the vanishment of the self-momentum is obvious. The self-energy 
and the self-stress for resting meson (K=O) become as follows: 


sheng’ 40° 
0<|7ual> apt (3-3) 
“ TE GESP) 


dis apy AU GE +H) 
0 {7 1V>= ih Stall Nomar + 1 Page 
< 1 é ¥ 7 HES (42-2?) 1 1 


2 S70" 40° 
—f i AE Oe ee 3.4 
13) EBay Vb FD aE (4E2— pe) Sa 


Self-energy and self-stress contain quadratic and logarithmic divergences. Of 
course, the quadratic divergences of (4-3) and (4-4) dimnishes to logarithmic 
one by the redefinition of d”-function as Schwinger or else.” 


From the gauge consideration of the self-energy of photon, Pauli and 


Villars” proposed to regularize the expression of photon self-energy by the re- 
gulator with conditions 
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© 


2 C,=0, Pe ‘mn, =0, > Cylogm?=0, DCmZflogmZ=0, C=1, m=m 
= i=0 


(3-5) 


So that, we should also apply this to the expression (3-3), (3-4) in consistent 
way to photon case. 
Then, (3-3) and (3-4) becomes as follows: 


3 <|74 dV> =x (fnite) (3-6) 


d<|7,a> 0 (3:7) 


The result (3-7) is obtained by applying the regulator (3-5) to the expression 
(3-4), and since the ex pression (3-4) is obtained asan expectation value of total 
energy-momentum tensor, so that the result (3-7) is not the consequence of 
purely formalistic reguralization procedure, but consequence of realistic mixture 
with negative energy Fermion field with mass infinite.*** Both expression give 
finite value but do not vanish whe ps0. Only for w=0, the regularized 
expression vanihses, and thus the mass zero meson can be described as stable 


relativistic particle. 


4. Self-Stress of an Electron due to Pseudo-Scalar-Meson Field 
The calculations are thoroughly similar to 2, only changes come for 
77, fois. We only give our results: 
| E—m. .. +m 
as Etim—E-k, —m—E-k, 


9 ° a 1 1 1 E—m E+m 5 
d<[7,40>=7 [ got - | ; | 
ala WAAL A Tape GEA ) 


8<[7udl> => x 


(m—E—k,Y (—m—E—&,)” 


Sin aon 
eam C5 Se Sees re 
+s 3 44,45 Lm—EL—-hk, —m—E—h,y 
1 E+m | , 
—f7 >) Sengermg/t OF pga 
fs 3 Te Sake -ky prey ee 
1 E—m E+m | y 
ES ee OR Ni is ie ec ze -1) 
+7 > Ab E laeree es —m—LlL—k, ( 
which -becomes for “=O: 
3 <[7naV > f esivarneeh (4-2) 
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and the same value is obtained for #0 also.** 
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5. Self-Energy and Self-Stress of Pseudo-Sealar-Meson due to 
Electron-Positron pairs 


By the mentioned change in preceding paragraph, we ontain : 


£. = 9 4E 5-1) 
a<{7 aV> =f" > ———_ (: 
. Ce p(4E*— pe) 
F) <\7a dV > =0 (5-2) 
will 2 ke aie ee 
b<[7aV>=S 2 ag ae 
4E ; 
t aap 3 —— (5-3) 
t p(AE*— pe) 
a<[7 dV > =x (finite) (5-4) 
d<|7, a> =0 (5-5) 


The result (5-5) is obtained in the same way as (3-7). The mentioned change 
for the meaning of regularization is necessary.*** This also vanishes for #=0, 
otherweise finite. 

In this case, also, the mass zero meson can only be described as stable 
relativistic particle. 


6. Self-Stress of an Electron due to Vector Meson field. 
(Radiation field) 


Though this calculation was firstly done by Pais’, we summarize our calcu- 
lations here for completeness. 


The calculations are similar to 2, by change of 7“->7*7*, f-ie, and sum- 
mation over a. 
The part b<\7. «@V> is minus sign of familar expression of self-energy of 


an electron due to radiation field”, and self-momentum vanishes also: The ex- 
pression for resting electron becomes as follows: 


6<[7yd>=-2y : [=o = ara 
k 244 m—E—k, —m—E—k, 


o<[Padi> aes 2 | 1S eo Il i ee | 
3 L24,2°" 24:E1L(m—E—-&) (—m—E—-hP 


2 1 me 1 l 
+e = ee ee | |: 9 
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$ 1 i l E—2im EAQm 
—?e > z 4 ey, _ ; 9 
3 2k L m—E—k, Enea ib 
er I [ E=-2m .. E+2m | (6-1) 
24,4 Lm—E-k, —m—E—sh,. 
Ny eg ip CA he lel el 
0 <{7, aV>= iy) sae ie (for any ~)** (6-2) 


and just corresponds to Pais’s result.” By the addition of this and (2-5) with 
condition /°=2e’, one obtains vanishing self-stress in f-field theory. 


7. General Relation between Self-Energy and Self-Stress* 


Recently, Pais and Epstein” found very interesting relation between the 
self-stress and self-energy of an electron interacting with radiation field, by using 
the fact that the trace of the symmetrical energy momentum tensor of radiation 


field is zero; 


Fee LES —m°_<7,>| (7-1) 
3 Om 


But, regardless with these special circumstances, we found the following relation 
between self-stress and self-energy of Fermion due to Boson and Boson due to 


Fermion ; 


2s anys Cie) 


Om Ove 


Tg =-{ eT —m 


where m is the Fermion mass and 4 is Boson mass. This relation includes 
Pais-Epstein relation (7-1) as the special case of Boson mass zero. The self- 
stress of Fermion due to scalar-, pseudo-scalar- and vector-meson fields can be 
expressed in terms of self-energy by (7-2) can be easily proved by using the 
results of direct calculations, (2-4), (4-1) and (6-1). 

Moreover, the self-stress of Boson due to Fermi particle also satisfies (7-2) 
as is easily proved from (3-4) and (5-3). 

Thus, the relation (7-2) holds for the interacting system of mass m Fermion 
and mass /# Boson, in general, 

The reasonable physical interpretation of the relation (7-2) is not yet made, 


and will be discussed later -on. 


8. A consideration on the origin of self-stress 


Why the self-stress appearr? This question cannot be answered easily. But, 
by theoretical consideration we can naturally conclude that its appearance originate 
to the non commutability of the operator of self-stress with that of interactions. 
And we can show that it comes from the surface-integral in 2%-space around 
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. ‘ : c 7 an nota- 
the singularity and far-away boundary. To show this, we take thie ae 
tion, and as example, consider the self-stress of electron due to scalar, ps 


scalar and vector meson fields. 
i i ergy- 
Reproduced in Feynman notation, one obtains for the trace of the energy 


momentum tensor of one-electron state ; 


4 he “3 3 = 
Sl lges = él — D3 <Ti> 
p=l1 


. | nll af. “Sue mt gee 
ae |r @—-k-m)" (0—-#) (AaB ty ter ana 
Tt ieee’ i 
° : A gag” = «et TE 
El ab pe Ae ~-k—m) 77 = ids 
Ef Drosha EE hE ES 
2 ey . aM 
eC Oe Ry ae =) et ge ee 
+ © (4p ri @ Tr aE 
2 = = (4) ZB 
jee |r @-F=m) 77 es (8-1) 
7 kp 


here, <7,,> is just that given by perturbation calculation, <7Z,,>, re 
<Zy;> have, opposite sign to the latter. And, g,7 are characteristic for the 
type of interaction: g¢, 77* for vectormeson field, 4, 1 for scalar meson field, ~, 77° 
for pseudoscalar meson field. The mass of meson is #. The last term of the 
expression (8-1) is ‘ust <7y>. 

The general relations between self-energy and self-stress (7-2) can be proved 
easily in this form also. 

Now, one can see that the second expression is just canceled by a part of 
the first expression, and sum of the first and second becomes: 


Aer RS ( pmahcitpe ik f decd not tlee aOR 
apt (eT hon) Me (pk) 47 op 
Pe ae ox anced be aie de Va 
=— eS 1 Re Selo g. 8.2 
Slag Gem ee (8-2) 
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Tid OR; 
ef D712 ON oe ft cae eee AV, 
+——— 2k —4 —kh—1 Oe 8-< 
al wK)r ny) (a5: (8-3) 


So that (8-1) becomes ; 


7 ie a Pe a 
< Fy > = —£| fy (p-bam) 7" 
x Hye ni) ab r (p-& m)~"y 
since the last of expression (8-1) is <7Zy,>. 
This shows that 


R = 
wy ALE <Ty> (8-4) 
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3 7 g? a) . at ¥ 3 P 
dal as =o i ir fp -1, TD bare ‘ aly 
ESAT yee ee eo) 


and is essentially integral over the £-space surface around . singularity and 
boundary. 

All other cases of self-stress of Boson field due to Fermion pair-creation- 
annihilation can also be expressed in analogous form as (8-5) by the surface 
integral.** 

If one wants to eliminate the self-stress, one should make some assumption 
on the singular surface and on the boundary of &-space. But this assumption 
will be concerned with the dimnish of the ‘self-energy to not contain logarithmic 
divergence and only contain terms mass times constant,’ which is evident from 
the general relation (7-2). 

These assumptions are admissible or not is now being examined. 


9. Conclusions 


From the above examples, we can firstly say that the realistic subtraction 
procedure of C-meson or f-field is not yet fully consistent as to the self-stress of 
C-meson itself and due to the peculiar behavior of self-energy of C-meson, though 
both of these can be brought into finite value by applying the regulator which 
was used to secure the gauge covariance in the photon self-energy.*** Only when | 
the mass of meson is zero, it has no self-stress and -energy (by applying re- 
gulator), in nowadays theory, and can be ascribed as a stable relativistic particle. 
The theory with vanishing mass C-meson is surely closed, since from (2-5) 
(6-2) and (3-6) (3-7) the self-stress of cencerning particles are all zero, photons 
and C-meson has no self-energy, and only electron has self-energy of an amount 

DA 


Ag 
affecting the self-stress as has shown in the introduction. But this theory is also 


unsatisfactory since it modifies well-established accordance between theoretical 


m, which can be safely renormalized into the theoretical mass, not 


and experimental data considerably. 

From these considerations, we may say that in the present frame of theory, 
the field with spin O or 1 is not essentially relativistic paiticle if it has any 
mass (intrinsic or else), only spin 2 particle can be ascribed as stable relativistic 
particle with mass. 

As to the general relation between self-stress and self-energy proved in 
paragraph 7, we cannot yet interpret it reasonably, The physical considerations 
onto this relation and related problems will be discussed later. 

In conclusion, I say much thanks to Prof. M. Kobayasi for his kind interest 


in this work. 
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Letters to the Editor 


Linearization of Minkowski Space 
and Five-dimensional Space 


K. Imaeda 
Kobe Kogyo Corporation 
October 17, 1949 


From the far-reaching symmetry between 
space-time and momentum-energy in quantum 
theory™, it is desirable to develope the whole 
theory in the linearized space-time correspond- 
ing to the linearization of momentum-energy 
as done by Dirac. ; 

In this letter, Maxwell equation and 
Proca’s equation are difined in linear space- 
time world, just as Cauchy-Riemann’s differ- 
ential equation is satisfied by analytic function 
of complex variable x+zy or linearized two 
dimensional Euclid space. Maxwell equation 
can be written in the form of the relations 
of pseudo-quaternion or linearized pseudo- 
Euclid space or Minkowski space just as 
Hamilton’s quaternion is the linearization of 
four-dimensional Euclid space. The vector 
analysis used in classical mechanics and electro- 
dynamics in Minkowski space, from this point 
of view, did not ‘properly take into consi- 
deration the distinction between time and 
space-components of four-vector and _ their 
resemblance. 

To a point P(X, 24, 2. £3) in Minkow- 
ski space corresponds a_ pseudo-quaternion 
R= omy ayy, and R* is the conjugate detined 
by Ree Dayan where a)=1, a, @ and az 
satisfy the same commutation relations as 
Dirac’s matrix and af =—a,(k=1, 2, 3). 
Then R*R=2,?—2,°— 2. —23"holds, Maxwell 
equation reduces to D* A*=—L° * D(—F*)= 
S* and Lorentz condition —Ey=2P0Av/ 0x0 


=( where 


D=S'ay(6/0x,), A= SVaypAp, 
w=0 w=0 


P=Ey+S¥au(Ex+tHh), 
S=4n Say Ty and t=/ —1, 
h= 


Also the above equations can be regarded as 
matrix equation, when 


td aa Va OO salad 
Pe Se fd ae REO LO OF: 
Aint OrecOliOety (i reat Igoe 0: 
Oe Oxsiuasl) Omi Oho 
0 OF 0 4 Ay 
a 0 a(engs 10 A 
o{p LeU th s-{ 
0") 36 A;! 
Ep a An I, 
_ | F,+i Ar TI, 
raft S= htt 
E,+iH, 4zI, 


For more symmetrical from, consider A, F 
and S are complex quantities and equal to 


A,+iB, FE, +t, 
Sie om +7B, ae EY, +7H, 
pean ee WR Serle 
A, +iB; Ey +i, 
pean! 
‘had +1 
calf 
L,+tJ;, 


then we obtain the following equations : 
— E,=0A,/0t+div.A, 
E=—0A/0t—grad A,—curlB, 
=0B,/0t+divB, 
H=—0B/0t—gradB,+curl 4, 
= —0E,/0t+divE, 
1=— 0 /0t+ gradE,+ curly, 
J,= —0H,/6t+ div, 
J=—0H/dt+ grad H, —curl EB, 
where J, and J are magnetic charge ard 


current density. 
The difference between the theory of 
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function of pseudo-quaternion and that of 
complex variable is as follows ; 
(I) There exist nilfactor (that is light 
cone), 
(11) Two pseudo-quaternions do not 
in general commute, 
(III) Four dimensional space. 


In the case of Hamilton’s quaternion 
nilfactor does not exist and the second order 
differential equation becomes elliptic type. 
But the existence of nilfactor changes the 
fundamental character of the theory and the 
second order differential equation is hyperbo- 
lic type. This is the source of the separation 
of space-like and time-like region. We see 
this clearly by intioducing new coordinate 
defined by 

R=Y.E+Z47 
where 
Z,=x)+7, Ly=Xo—7, f= (1+ SPaxzelr)/2, 


9=(1—S}axan/r)/2 and r=(S}x4")"”. 
Then the function of F splits into two parts : 
F(R) =E€F(Z,) +7F(Z,) 
owing to the following relations, &"=€, 7” =y, 


and €y=0. The theorem corresponding to 
Cauchy’s integral theorem is as follows: 


ie DF(R)dh= | S*dh= - {dR F(R) 

(#4) Ui) (A) 
where (A) is the three dimensional surface of 
four dimensional volume (H). When S*=0, 
F(R) is called left-regular and when G(R) 
is right-regular, | @(R)dR=0 and | @(R)dR 

(2) : 

x F(R) =0 hold. ¥ 

The solution of the above equation. F(R) 
is given by F(R) =(02/d2,2 —2°0"/ 0x2?) W(R), 
where W(R) is an analytic function of R. 

In five dimensional case, we define five 
dimensional number or linear five dimensional 
space R= S"austy + Bers in which distance is 
[BP = ceo! — Saat — a5". 


where @ and @ satisfy the same commutation 


Then 


relations as Dirce’s matrix a, and B. 
Proca’s equation reduces to 


DAt=—F*, —DF*=S*, G=0 
and 

¢ Oeparie 

th xs =m, 


where D=>F}az 0/Ozu +6 f 
u—0 Zs 
A= }a,Ayt+PBAs 
p=0 


F=G,+ F+iG+8U,+8U, 


F, G, U,. U, My, M, T and S§ are the same 
notation as Yukawa’s paper. From the 
above relations we can avail the theory of 
function of hypercomplex vanable to the 
solution of Maxwell equation and Proca’s ' 
equation. 

Further development of the theory will 
be given in near future. 


1) H. Yukawa, Prog. Theor. Phys. 2 (1947), 209 ; 
3 (1948), 205; S. Watanabe, Prog. Theor. 
Phys. 3 (1948), 450. 

2) H. Yukawa, S. Sakata, and M. Taketani: 
Proc. Phys. Math, Soc. Japan, 20 (1938), 319. 


Note on the High Energy Neutron- 
Proton Scattering 


S. Hiroishi and H. Tanaka. 
Institute of Physics, Kyoto University. 
October 22, 1949 


We calculated the neutron proton scatter- 
ing cross section at 100 MV and 300 MV 
incident energy. Phase shift method was em- 
ployed and the exact results were obtained. 
To treat relativistically, Dirac’s -equation of 
two body problem with the relativistic interac- 
tion must be solved. Separation of variables 
was performed according Kemmer’s method 
and the interaction potential takes the form 


VES @; O(x) 


Rat 
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@,=B*B” @y=o%G?—T AT? 
o5=BXB?l XT? 


@,= BNR” [oXo,+a%a?] DP =—14,4ya. 


Oo= i aa? 


GP 0h, ORY, ae ty Sas) B are 
Dirac’s spin matrix of neutron and _ proton, 
respectively. d(x) was approximated by the 
usual square well with the range of 2.8 x 10-" 
cm. This procedure is incomplete from the 
relativistic point of view, but by this calcula- 
tion, we can see the effect of 0, and 9p, in 
the interaction, to the high energy scattering 
phenomena. The depth of the square well 
was determined as following: if we make 
1, 02>0, 3-1 -in non-relativistic limit, we 
obtain 


VaGith)+ Goth) 0%” 


and this potentials are to be equate with the 
triplet and singlet depth which have been 
determined as 21.213 MV and 11.904 MV 
respectively, from the experimental fact of 
deuteron. So there are four possibilities 
about the interaction constants 


(I) fr=fi=0 (II) fo=fs=0 
(III) fo=fs=0 (IV) fe=fs=0 


and w; interaction being omitted for simplicity. 
The values of the phase shift were determined 
by the continuity of the radial component of 
the probability flow at the edge of the square 
well. We calculated the total cross section 
and R=a(z)/o(z/2) at 100 MV and 300 MV 
incident energies in the case of the symmetrical 
theory. Four types of the potential mentioned 
above, give the almost same results 


o=0.11x10-*% cm’, R=10 at 100 MV. 
o=0.06 x 10-% cm’, R300 at 300 MV. 


_ The values of R at 100 MV are largely 


reduced comparing with A for the usual 
potentials. The higher orbital _ states 
were combined with the lower through 
3- and 4-th components of spinor as in the 
case of the tensor forces and the value of Rk 


was reduced. But at 300 MV, £ is too 


large. Recent experimental value at 280 MV® 
was reported as about 6. The total cross 
section is slightly larger than the experimental 
value. The more detailed discussion will be 
published shortly. 


1) N. Kemmer, Helv. Phys. Acta, 10 (1936), 47. 

2) W. Rarita and J. Schwinger, Phys. Rev. 59 
(1941) 436. 

3) FF. Roorlich and J. Eisenstein, Phys. Rev. 75 
(1949), 705. 

4) M. Camac and H. A. Bethe, Phys. Rev. 73 

(1948), 191. 


5) E. Kelly, C. Leith, C. Wiegand, Phys. Rev. 
(A) 76 (1949), 589. 


Density Matrix and New 
Configuration Space 


T. Nishiyama 


Department of Physics, Osaka University. 
October 25, 1949. 


A program for a formulation of the density 
matrix“? in a new configuration space? 
In this for- 
mulation the second quantization will reveal 
its essential merit of simplifying and unifying 
the current treatments in the many body pro- 
blem of quantum mechanics. 

It will be shown how the theory of sym- 
metric algebra“) serves to determine terms 
of multiplets of the system under considera- 
tion. We consider operators which-are com- 
posed of creation (with asterisk*) and annihila- 
tion operators (without asterisk*) operating on 
occupation observables c(...) in the following 


will be given in the following. 


Manner : 
\e * 497 
Or » On) =A" pp Uspa-re- GQ" tpn Me pn 
Lt / / (ay 
steeee Astpte Apt ply e(r O 3198 Pas rrerery t ra) n) 


Where each subindex indicates intrinsic states 
(spin states) taking on values from / to k. 


Elements of the form SJja*,, aipa------ Oren 
PL SP2S.+- <P 
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Aytp, vee stpa Apt Generate the so-called sym- 


metric algebra belonging to a nrescribed 
orbital oan ie aud are denoted by S 


(pay Ue — or SPQ, where Pand @ mean 


permutations of orbital states 7, fo, ------ > Tn of 
the configuration in’ question. These operators 
are not considered in the configuration space 
as Operators operating on occupation obseva- 
bles, but in an algebra whose idempotents 


1>k 
AY +r 1% T* 
are N,(A)=>) Nyoy-----Nop, NB, oe Nm 
Pi <2<-. Spy 


where V,,=a*,a,, and N%, =a,» ay = =(1-— 
N,,). This algebra is a simple algebra of 
degree fms, marked by a certain magnetic 
quantum number My, and term of multiplets 


A of the intrinsic states. (spin angular mo- 
mentum S, Wigner’s supermultiplets (S, T, 
iV) -etes): 

Next we consider an algebra over Hilbert 
space composed of wave functions ¢(x)* and 
g(x). This algebra is called density algebra, 
whose elements are defined by, 


plan, )=eU el), ole, 2')=2-0(1')*. 


y(n’) *y(n)---e(1) 
"= Dire Yow’), ¢(é) — Litre Yep 
(i) and W, are elements of Hilbert space. 
We shall deal with Fermi particles with 
2y intrinsic degrees of freedom (or with »y— 
1/2 spin). Owing to the orthogonality of the 
intrinsic states, the density corresponding to a 


certain. set of orbital states. is, 


U(x. Un *) U®, 


where ¢(?’) 


where Ujr) is Ostertag’s restriction operator 
corresponding to the orbital configuration (r) 
which is defined by U'”=N,(r,).N.(r.) 
Nalin). 


1 
pal trace Up (an, ain’) Ur) =—-S15" trace 
>) MW P,Q 


monk Fp) 
Z™ pq QOY( an) PY(x' n) 


where 7) is the subgroup determined by the 


Editor 


configuration (r). 


Boltzmann factors are introduced by at- 
taching the factors to a, and the commutation 
relation becomes [a, a.*].=exp (—BE-) Ors. 
Zp is an element of the centrum of the sym- 
metric algebra corresponding to the orbital 
configuration (r), and the trace is considered 
in the simple algebra of degree fas. 

Making use of the relation between an 
arbitrary centrum (Z”) and the unique cen- 
trum corresponding to the orbital configuration 
giving the normal representation, we can write 
down the density matrix in the following form 


a trace U'p(x,, 2,/)UP= 5 [xv(E) 


[e (1) 6)". Le 2e2)*].--Lelaloln’*]. 
+ --- +72 (P) {l¢ Hels ne L¢( (2)e(t." )]+--- 


[¢(n)¢(in’)*]. summed over a class of P 
Flom. 


=[p cp, | fa} 


where x,(P) is a character of the symmetric 
group of n particles and [A4, BJ]= AB+BA 
And the reduced density algebra is definen 

by 
oe (1.2m, 1". .mi))= j (1 
m’m+1... 


.mm+1...n, 1’... 
n) d (m+1)-..dn 


and the density algebra for the canonical 
ensemble is given by 
Pc= exp (—En—BnE) 
where n=>} W,, and n»-E=>} WN, 
We can introduce the degeneration para- 
meter and obtain the grand partition function 


and the grand density matrix for the Fermi 
particles with & intrinsic degrees of freedom 


D(EB)= trace pe 
D(x,2’EB)= trace P (Xm Xm)e/ DEB) 
Noticing that V(p) n Nip)=pN(p), we get 


ioe —e~ RAN (+844) 
{= eo 8.Ar 


D(Ep)= 
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In the above formulation the idempotents 
weed Fe mae 220 { if rE 
N, Pir Nip, 7? 4 aT IN Tee. IPyyo 


* . 
l Dae, ---IVnp,,, take place of the occupation 


observables. 

These idempotents may be considered as 
spanning a new configuration space was at 
first given by P. Jordan.“ A similar idea to 
ours has been proposed by ¥. Nambu, but 
we cannot yet tread in the detailed discussion. 

Such a compact description given by the 
density algebra enables us to obtain a clear 
perspective of the whole theory of the density 
matrix. 


1) K. Husimi, Proc. Phys. Math. Soc. Japan, 22, 
(1940) 264. ‘ 

2) W. Fock, ZS. f. Phys. 75 (1932), 622 

8) T. Nishiyama, will be issued shortly. 

4) E. Wigner, Phys. Rey. 51 (1937), 106 

5) H. Ostertag ZS. f. Phys. 106 (1937), 329 

6) P. Jordan, ZS. f. Phys. 91 (1934), 284 

7) Y. Nambu, Prog. Theo. Phys. 4 (1949), 96, 
331 
The algebraic conceptions used here are based 
on Albert, A “ Structure of Algebra” (1939). 


Meson Production by X-ray 
7.. Koba, T. Kotani and 8S. Nakai. 


Department of Physics, Faculty of Science, 
Osaka University. 
November 1, 1949 


Recent experiments carried out at Berkeley 
are said to have shown that the yield of 
negative z-meson by X-ray is about 1.4 times 
as large as that of positive ones, and also 
that the angular distribution is exactly pro- 
portional to sin* 6. 

In order to compare these results with 
theo-etical predictions, we have set out to 
calculate in the completely relativistic perturba- 
tion method of Feynman-Dyson.” To begin 
with, we have taken the pseudoscalar meson 


with pseudoscalar coupling and have evaluated 


~ 


the cross-section of this photo-mesonic elfect 
to the order of e?f?. When, for example, 
the incident photon energy is equal to 2x0? 
in the laboratory system (*=7-meson mass= 
286 electron mass), the total cross section for 
the production of positive and negative mesons 


6 =2.0(e"/4ithe) + (F°/4rhe)r,°, 
o,.=14(e?/4ithe) -( f?/4 rhe) -r,, 


respectively, with 
Vo = (0/¥e)? x 10-2 == 7.22-10-"om?, 
their ratio being 
Gah 14s 


in fair agreement with the experiments. It 


is the relativistic effect (e.g. the recoil of 


the nucleon) that gives rise to this charge 
asymmetry. If we put f?/4zfe~0O.1, say, the 
total cross section becomes of the order 1)” 
cm’, which, too, seems not unreasonable. On 
the other hand, the angular distribution, which 
is shown in the figure, has turned out to be 


irreconcilable with the experimental results ; 
and we should like to add some remarks on 
this point. 


da=0.10x x 10-"22cm" 
(f/Ante=0.12) 


Oo 


120° 


0° 60° iF 


10° 


cosd 


—— 
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The effect under consideration is com- 
posed of two distinct processes due to i) the 
electric current of the meson, and ii) the 
electric current of recoil nucleon, and the 
contribution of the former to the cross-section 
is almost proportional to sin*O0 near the 
threshold, while it is not the case with the 
latter. Now in the pseudoscalar meson theory 
the mesons are very strongly bound to nucleon 
and the meson electric current is rather weak, 
so that its effect remains comparable with 
that of nucleon current, whence the above 
discrepancy. This depends of course on our 
special choice of meson type. As is already 
known,” the scalar meson theory a‘fords the 
sin’@ distribution near threshold, because in 
this case the term owing to the meson electric 
current is about 15 times as large as that of 
nucleon current. Thus it will be worth while 
to proceed to the ef?-approximation, where 
the pseudoscalar meson current may be ex- 
pected to become larger. It is to be noticed 
that this situation closely resembles the difficul- 
ties of nucleon magnetic moment, that has 
been analzed by Case.® Another possibility to 
get out of the disagreement might be to 
replace the free nucleon model used in our 
calculation, by a properly bound nucleon ; that 
would suppress the nucleon electric current. 
The distortion of the meson wave function 
at the nucleus may have some appreciale 
effect, too. 

More comprehensive calulations, taking 
into account the above considerations are in- 
tended. Fuller accounts will be published 
later in this journal. Concluding, we express 
Our sincere thanks to Prof. Tomonaga for his 
kind informations from abroad and also to 
Prof. WHusimi, Dr. Miyazima, Mr. Hayakawa, 
Mr. Nambu and others for their interst and 
discussions. 


1) Private communications from Prof, Tomonaga 
to Mr. Fujimoto, Mr. Hayakawa and one of 
uss (ZK). 

2) F. J. Dyson, Phys. Rev. 75 (1949), 486. 


3) L. W. Nordheim and G. Nordheim, Phys. Rev. 
54 (1938), 254. 
4) K. M. Case, Phys. Rev. 76 (1949), 1. 


A Note on the Mixed Shower 
S. Ogawa 
Institute of Theoretical Physics, 
Nagoya University 
November 1, 1949. 


The soft component in the mixed shower 
is partly explained by the charge acceleration,” 
but it more likely provides the support of 
the neutral meson. Now, the chamber pho- 
tograph of the mixed shower shows frequently 
two or more cores of the soft shower star- 
ting from the shower origin. If this pheno- 
mena are thought to be due to the neutral 
meson, the mass of the nentral meson is 
determined by the simple analysis of the 
photograph. Those data obtained from the 
photograph are the number o/ the soft shower 
cores, its each energies and the angles between 
the cores. These situations are served as 
follows: 1) If the neutral] meson is vector 
type, it decays into three photons. Let k, ky 
ky k and k; ks be the energy and impulse 
of these three photons in the laboratory system 
respectively, and let ~ be the mass of the 
neutral meson. Then yz is determined from 
the simple calculation using Lorentz trans- 
formation. It results 


u=([2(k,k,— Ky key) +2(koks— Kk) 
+2(ksk,—ks k,)J* (1) 


Let the neutral meson be scalar type, then it 
results putting £,=0 


u=(2(k,ky—ky ke) }? (2) 


ii) Though many data have been‘reported on 
the mixed shower, the experiments which give 
the precise value of the energy, angle, etc. 
of the soft shower cores seem not so abundant. 
Chao” gave the fine photographs of the mixed 
shower showing that the two soft cores start 
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from the origin of the mixed shower. The 
energies and the angles of the cores are 
_ determined quite precisely. His results are 
not so reasonaly explained by the charge 
acceleration.» If we take alternatively the 
Chao’s results as due to the neutral meson, 
we can determine the mass of 
meson from Eq. (2). This result is given 
in Table (1). The mass of the  neu- 
tral meson obtained from his data is much 
heavier than that of the neutral meson ex- 
pected from nuclear force, about 1000 
electron mass , except two. We know 
the particle of 1000 electron mass named r- 
meson.» But t-meson has been found so 
rarely that it is difficult to explain Chao’s 
data from the view point of the neutral meson 
decay. It seems likely that the mixed shower 
detected by Chao is due to the more complex 
- charge acceleration like processes or others. 
Recently Fretter gave another data on the 
mixed shower. ‘The energies of the soft cores 
in his paper, however, are not so precise 
unfortunately. We can onlo say that his data 
seem not inconsistent with the assumption of 
the decay of the neutral meson having 300 
electron mass as its Own mass. 


neutral 


Table 1 


Chao’s | G1] G1 | 
notation| No. 6' No. 7| No. 9/No. 10 


mm 
electron | 1000 | 1040 | 770; 340 
| 


mass unit 


IN 


2 


1) S. Hayakawa, Phys. Rev. 75 (1949), 1759. 
2) C. ¥. Chao, Phys. Rev. 75 (1949), 581. 

3) S. Hayakawa, Phys. Rev. 75 (1949), 1958. 
4) Rochester & Butler, Nature 160 (1947), S55. 
5) W. Fretter, Phys. Rev. 76 (1949), 511. 


On the Integrability Condition of 
Tomonaga-Schwinger Equation. 
Z. Koba 
Department of Physics, Faculty of 
Science, Osaka University. 
November 2, 1949 


In several examples” it has been verified 
that the effect of the surface dependent addi- 
tional Hamilton density function g?w (2, a) 
(g is the coupling constant), which is intro- 
duced” in order to make the Tomonaga- 
Schwinger equation integrable, is just eliminat- 
ed by the second order effect of the main 
Hamilton density gH(z). In this note we 
shall give an outline of the argument on the 
general validity of such a cancellation and 
show that for the purpose of practical calcula- 
tion, at least for the collision problem, one 
can dispense with the term g?w (xa). We 
hope that this fact will establish the equiva- 
lence® of Feynman’s formalism? to that of 
Tomonaga and Schwinger in the more general 
cases of meson theories. 

The fundamental equation of Tomonaga- 
Schwinger theory 

ihe d¥{o]/do(x)=gH(x)¥[o], (4) 
may be solved by putting 

V[orl]=Ulor; o4] ¥ loa], 2) 
and by expanding U in powers of g: 

Ulex, g4J=U 4+ 9UP +970 +.... (8) 
These terms can be obtained successively, if 
we introduce a one-parametric family of space- 
like surfaces {o<} between o4 and op (as 
Dyson” has done) so that one point x is passed 
by one and only one surface. For simplicty 
we shall hereafter confine ourselves to order 
g’. Then we have 


va1+(52)) mee s+ mele) 
|) PUT), H (a) dnd. (4) 


o4 
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Now we must require that U should be 
independent of the special choice of the family 
of intermediate surfaces {ox}. The first two 
terms on the right hand side of (4) are ob- 
«viously independent of {o:}. The third term 
*can be expressed according to the definition 
of the P-symbol as 


vo=>( 5: ) (j[ See H(«,) 


H(e,)-+— 822) Hie.) H(e,)] dnd'2s 
= (G5) [Ste Hed) ed 2a 
\fe (x,, v2) LH(x,), H(x2)] d'z,d*x, | (5) 


where € (2, 2) is equal to +1 or —1 accord- 
ing as the surface o, (through 2,) lies in the 
future or the past side with respect to a, 
(through 2,). The first integral again is not 
influenced by the positions of intermediate 
surfaces. In the second integral the factor 
(2, %) is not altered by the choice of {o;} 
as long as 2, and 2, lie time-like to each 
other, but if they are situated at space-like 
positions this factor becomes essentially de- 
pendent on the details of {o;}. Therefore, 
when [A(zx), H(z')] does not vanish for a 
pair of space-like points 2 and 2’, U is not 
independent of intermediate surfaces, and thus 
one is forced to supplement the Hamilton 
density gH(x) with a term g?w(x, ¢), which 
can be determined in the following manner, 
so as to compensate this unphysical surface- 
dependence of U. 

Suppose we have added such a term 
g’u(z, 0) to gH(x), then we have 


en} (52) [i 


+(e a2) Hes), H(x,)] dx dy 


[ 1H ai), (x2) } 


+($ )fute, a,)d'z,, (6) 


and so 
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— zp fle, 22) Ale), He.) 2s 
+(x, 45) @) 


must be independent of {a:}. If we defor 
in (7) the surface o, slightly at a point 2,’ 
and take account of the realation 


de(zx,, te) be 8 
da(zx,’) =20*(x.— zy * ¢ ) 
we obtain the functional differential equation 
Ow (z;, a;) , 9 
a 1® 


This is just the condition (to order g*) derived 
by Kanesawa and Tomonaga” to determine 
the additional Hamiltonian. 

From the above derivation it is quite clear 
that the addition and reelimination of g*w(z,¢) 
is indeed an unnecessary detour in practice: 
one can simply use gH{z) alone and strike 
out the surface-dependent terms from the 
result, since they are sure to be cancelled in 
the ‘“‘rigorous ” treatment. 

To carry out this procedure, it will be 
convenient to introduce a modified P-symbol, 
P* defined as follows: ) 


: 
| 
dla B(z,)) = 248 Got) aie, | 
Bi) +2 == Ge) Ble) Ale). 0) | 


where e*(a,, 2)=1,0,—1, according as a | 
lies in the future time-like region, space like 
region, or past time-like region with regard | 
to a. This will change Feynman’s 4p-=/4® | 
+ied into 4¢ =4+ie*4. &* is, contrary 
to e, a Lorentz-invariant function and e*4 
differs from ¢4 = —24 only when differentiated | 


| 
twice, because Po fe =1t0*(x), while | 
out Ga | 
On, Tage ees and we need not take care 


of é*-function pointed out by Matthews» 
recently, 

The analysis of higher order terms as 
well as of the effective value of an operator 
(radiative correction) will be treated in a fuller 
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100 
account that will appear later. In conclusion, Range Z 
we express our cordial thanks to Prof. Husimi 0 ates 
and Dr. Utiyama for their interest taken in 
this problem and also to Mr. Mugibayashi, sv 
| whose discussion has given impetus to these 
considerations. 


1) £.g. F. J. Belinfante: Phys. Rev. 76 (1949), 
66; K. M. Case: ibid. 14; Messieurs Fukuda i 
and Miyamoto have pointed out this fact as 2 
early as in 1948 in their private conversation i 
with us. 
_ 2) S. Kanesawa and S. Tomonaga: Prog. Theor. 2 
Phys. 3 (1948) 1, 101. 
3) F. J. Dyson: Phys. Rev. 75 (1949) 486. 
4) R. P. Feynman: Phys. Rev. 76 (1949) 769. 50 100 150 200 300 400 


5) P. T. Matthews: Phys. Rev. 76 (1949) 684. ‘Energy E in Mev. 
: Migs. 


mean free path A 


The Range and the Mean Free Path 
of High Energy Nucleons in 
Nuclear Matter. 


Y. Fujimoto and Y. Yamaguchi 


in 10-"cm 


Department of Physics, Tokyo University 
and University of City Osaka. 
November 3, 1949. 


Using the method due to Heisenberg and 
Bagge,” we have calculated the following 


quantities 5 100 150 200 250 300 


Ene E in Mev. 
1) the range L, Fig. 2. io 


2) the collision mean free path A, and 
3) the cross section for energy loss 


o(E, jae y(e) x 10-*%cm? 


of a high energy nucleon in nuclear matter. 
E means the kinetie energy of the incident 
nucleon inside the nucleus and ¢ is its energy 
loss. Here we adopt the Fermi gas model 
for the nucleus and the following nuclear cons- 
‘tants; the Fermi energy Hr=22 Mev. the 
depth of the nuclear potential hole=30 MeV 


and the nuclear radius=R=1.87 A'/*-10-* ia a 

cm.2 Also, we used the central Yukawa In Fig’ dang 8)" fede" means the case fn 
potential determined by Serber et al, which which one does not take account of Pauli’s 
can explain the 90 MeV neutron-proton scat- exclusion principle. 
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tering.» We have omitted a smaller part of 
the matrix elements for the scattering process, 
only in the case 3). The results are shown 
in Fig 1, 2, and 3. 

On the basis of these results we can 
interpret the high energy nuclear experiments 
of Berkeley and the stars caused by Negative 
m-meson capture. The latter results have 
already been published in this Journal.” 


1) W. Heisenberg; Leipziger Beriger Berichte, 
89 (1937), 369. 

E. Bagge; Ann. d. Phys. 35 (1939), 431. 
E. Williams; Nature, 142 (1938), 431. 
Summary of these works is found in L. Rosen- 
feld; Muclear Forces, vol. I (1949). 

2) R. Serber et al; Phys. Rev. 75 (1949), 1352. 
Cited in L. L. Foldy and E. Marshak; Phys. 
Rev. 75 (1947), 1498. 

4) Y. Fujimoto, S. Hayakawa and ¥. Yamaguchi ; 
Prog. Theor. Phys. in press. 


Notes on High Energy Nuclear 
Evaporation 


Y. Yamaguchi 
Department of Physics, University of 
City Osara. 

November 3, 1949. 


Recently we have treated the problem of 
nuclear evaporation by generalizing the Bagge’s 
method.» In I, however, we have neglected 
the emission of nuclear fragments other than 
nucleons (neutrons and protons). 

If we want to include the a@-particle 
emission, the equations (5) and (6) in I must 
be replaced by the following formula : 

Ox 1 : 
a Pat pba, Ent 27) Mn+ 
(Ee+V+27) p+(Eo+2V 
ai). whys) Cs 
C= 1-1-9) 5 
dn Pat2I. bin r 
dp 1. +or, ~ Pe (1-2 rs 5067) 


where n and p denote the total number of 
neutrons and protoris lost from the initial 
nucleus (including the neutrons and protons 
evaporated in the form of a—particles) respec- 
tively. The a-particle width I, is obtained 
from I"p by replacing E - by 


FEs=2E,+2Ep—(binding energy of 
a-particle)~4Mev (7') 


and the Coulomb barrier height V by 2V.*) 


Pall. (¢-2V-E.) 
xeap [Sxr(x—€)—Salz) WE, (2") 
Sx(z)=0.362(A—4)z}. (3’) 


The factor 1/2 is due to the difference in 
statistical weights of nucleons (2) and a@- 
particles (1). Solving the equations (5’) and 
(6’) with (7), (7), we obtain the curves 
shown in Figs. 1 and 2 (case (np a)). For | 
comparison, the solutions of (5), (6) with 
(7) are also shown in the same same figures 
by dotted curves (case (np)). 

As is seen from these curves, the end 
points of the evaporation processes almost 
coincide for both the cases (np a) and (np). 
In general, we may roughly say for 4100, 
that the evaporation processes are taken place 
along the “ Heisenberg valley” (i.e. the curve | 
eee 

1—xz 
emitted nucleons a=n+p is determined in | 
the first approximation only by Y and inde- 
pendent of the mass number A of the nucleus. — 

Table I shows the average numbers N,, | 
Np and Ne of evaporated nentrons protons 
and a-particles for specified values gf A and 
X. The ratio N./Np is agreement with the 
experimental values of Perkins et al...” 


p). Furthermore, the number of _ 


Table 1. | 
A=100 | 
eee 
sa j 
in Mev | Na Np Ne 
100 5.7 1d, 0.2 
200 10.7, Ly, 0.4, 
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1) Y. Fujimoto and Y. Yamaguchi, Prog. Theor. 
1 Phys. in press, quoted as I. The notations here 
used are the same as in I. 
2) E. Bagge, Ann. d. Phys., 39 (1941), 512. 
*) a-particle width Ia is not argued in the present 
stage of nuclear physics. Here, however, we 
consider each q-—particle as a unit of a nucleus. 


ra 
> 


Let, for example, be W=Z=even number, in 
which case we may consider qg—particles as a 
degenerate Bose gas in such a suitable potential 
hole that the total binding energy of a nucleus 
composed by a-particles can be explained. 
Then Weisskopf’s evaporation theory can be 
applied, and-we get approximately the same 


values for Tq as in the conventional formula 
(2). 

3) D. H. Perkins et al., Proc. Roy. Soc. 196 (1949) 
3253 and private communication from Dr. 
Perkins. 


A=100 
X=100Mev. 
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(7p a) Fission of Bi. 


AES doz) 
2 Fig. 1. Y. Yamaguchi 


Department of Physics, University 
of City Osaka. 
November 3, 1949. 


The high energy fission experiments : 190 
MeV d+Bi-fission have been performed by 
Goeckermann and Perlman.” In order to ex- 
plain the mass number distribution of this fission 
products, these authors assumed that the eva- 
poration process: Bi °(d, 12n) Po'®* occured 
at first, and then the residual nucleus Po'%* 
would undergo fission. Here we shall justify 
this explanation using the evaporation theory 
and Bohr-Wheeler’s theory. 

If we compare the emission width J’, of 
nuclear particle® (practically equal to the neu- 
tron width J",) with the fission width Py ® 
in each step of évaporation process of the Bi 
nucleus with init excitation energy 190 MeV, 
we find J’, becomes larger than J", after 
the nucleus evaporating about ten neutrons or 
more (and ho or one proton). Therefore. the 
residual nuclei Po* (A~200) or Bi* (A~200) 
undergo fission. 


Of course, there exists in this bombard- 
ment initial excited nuclei with the excited 
energy lower than 190 MeV. But, since at 
such cases I’, can not become larger than I's, 
the contributions from these lower initial 
excited nuclei should be considerably small, 
and may safely be but out of our considera- 
tion. Furthermore, the experimental total 
cross section for fission is approximately equal 
to the cross section for giving the whole deu- 
teron energy Bi nucleus evaluated from the 
semi-transparent nucleus model.” This points, 
therefore, supports the fact that the main 
parts of fission are due to the 190 MeV Po™* 

Here Po* or Bi* (A~200) have not so 
high excitation energies that a modification of 
Bohr-Wheeler’s theory is of little use, as as 
mentioned in our separated paper.” 

Thus we can justify the Goeckermann 
and Perlman’s mechanism under the light of 
usual nuclear physics. 


1) R.H. Goeckermann and I. Perlman ; Phys. Rev. 
76 (1949), 628. 

2) V. Weisskopf; Phys. Rev. 52 (1937), 295. 
Y. Fujimoto and Y. Yamaguchi; Prog. Theor. 
Phys. in press. 

3) N. Bohr and J. A. Wheeler; Phys. Rev. 56 
(1939), 426. 

4) See the above letter. 

5) R. Serber; Phys. Rev. 72 (1947), L114. 

Also see Y. Fujimoto and Y. Yamaguchi ref. 
2) 

6) Y. Fujimoto and Y. Yamaguchi; Prog. Theor. 

Phys. in press. 


On the Origin of Electronic Rays 
with Moderate High Energy. 

Y. Fujimoto and S. Hayakawa 
Department of Physies, Tokyo University 
and University of City Osaka. 
November 8, 1949. 


The energetic electronic rays in the upper 
atmosphere, which are measured as_ bursts 
caused by the presence of a thin lead plate, 
are Supposed to be Originated mainly from 
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high energy nuclear collisions. The various _ 


possible mechanisms to produce such radiation 
in a nuclear collision are proposed by several 
authors, among which most plausible ones 
are the neutral meson hypothesis and charge 
acceleration hypothesis. In order to test these 
hypothesis, we calculate the intensity of elect- 
ronic rays under each hypothesis and compare 
it with the result of burst experiments. 

(1) Neutral meson hypothesis.” We can 
unambiguously calculate the production spec- 
trum of neutral mesons from the observed s- 
meson spectrum,” under the usually adopted as- 
sumptions, (i) the altitude variation of the inten- 
sity of agent nucleons is exp(—/125), where z 
represents the atmospheric depth measured in 
g/cm*, and (ii) the production rate of neutral 
mesons is a half of that of charged x—mesons. 
If a neutral meson immediately disintegrates 
into two photons, which is acceptable for its 
life shorter than 10-° sec., the production 
spectrum per g. sec. of photons at the depth 
x’,are given by 
r(x’, «)=4.6 x 10-*(10 Be V/e}* 


xexp (—2'/125), (1) 


where € represents the energy of the photon. 
Multiplying by the cascade function, we get 
the vertical intensity per cm* sec of electronic 
component at the depth 2; 


fla, = | r(e’. e)x(x—2x’)dx’ =8.4 x 10-4 


(10Be¥’/e)? {eap (—a/125) 
—exp(—2x/68)}. (2) 


(2) Charge exchange hypothesis”. Haya- 
kawa and Tomonaga calculated the cross sec- 
tion for the photon production due to the 
charge exchange of a nuclen in a nuclear 
collision.” Using this result, we obtain the 
production spectrum per g. sec. of photons 


7’ (x, ©) =1.6 x 10k(10BeV/e)*exp 
(2/125). (3) 


We see this is larger than (1) by the factor 
about 3k. : 


To compare with experiments, we add 
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the contribution from the shielding matter, 
though a small fraction, and integrate over 
all directions. The intensity of electronic 
rays with the energy greater than 10 BeV is 
shown in Fig. 1. In comparison, we plot the 
experimental value of bursts measured by 
Bridge and Rossi,” and Hulsizer and Rossi.® 
Some inconsistency seems to be between both 
experiments, although we adopt the very values 
taken by the authors. If we refer to Bridge 
and Rossi, the charge exchange process has 
so little effect that & should be as small as 
a fraction of unity, while, referring to Hulsizer 
and Rossi, we must take into account the 
charge exchange process over 7—decay, so that 
k& should be nearly equal to unity. The 
precise determination of the absolute intensity 


iniensity/sec. cm* 


Depth (meter water) 


Fig. 1. Total intensity of electronic component 
with energy greater than 10 BeV. Calculated 
curves; A... charge exchange hypothesis, B... 
neutral meson hypothesis, C... contribution 
from shielding matter (A and B include con- 
tribution C). Experimental points ; X...Hulsizer 
and Rossi, o...Bridge and Rossi. 


of energetic electronic rays will be hoped for 
answer Our question. 


1) Ii. W. Lewis, J. R. Oppenheimer and S. A. 
Wouthuysen ; Phys. Rev. 75 (1948), 127. 
K. Greisen ; Phys. Rev. 73 (1948), 521. 

2) S. Hayakawa; Phys. Rev. 75 (1949), 1759 

3) S. Hayakawa and J. Nishimura; Prog. Theor. 
Phys. 4 (1949), 232. and ibid in press. 

4) S. Hayakawa and S. Tomonaga ; 
Phys. 2 (1947), 162. 

5) HH. Bridge and B. Rossi; Phys. Rev. 71 (1947), 
378. 
B. Rossi; Rev. Mod. Phys. 21 (1949), 104. 

6) R. I. Mulsizer and B. Rossi; Phys. Rev. 73 
(1948), 1402. 
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Note on Varitrons 
5S. Hayakawa 
Department of Physics, University 
of City Osaka 
November 3, 1949 


By a series of elaborate experiments, 
Alikhanov and Alikhanian et al’ have disco- 
vered many variety Of cosmic ray particles 
Their results seem us to be 
certain, althogh the scattering effect in the lead 


called varitrons. 


plate placed above the third tray in their magne- 
tic analizer is not taken into account, because of 
the cosistency among various results obtained 
by different experimental methods.** 

In the magnetic analizer and the cloud 
chamber system of Brode,* varitrons fly 
through long paths (>1m) without disintegra- 
tious. This fact means most of varitrons 
have long lives, which is consistent with the 
delayed coincidence experiment* and the ex- 
istence of maximum momenta in momentum 
spectrum’. Furthermore, the tracks of vari- 
trons in photographic plates are not associated 
by stars in their track ends. These facts seem 
to argue that most of varitrons may not 
directly interact with nucleous and be cousins 
of mu-mesons. On the contrary, there is an 
evidence that varitrons are likely produced by 
nuclear interactions. The directly produced 
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varitrons, the brothers of pi-mesons, are 
supposed to immediately disintegrate into 
descendant ones, the latter being usually 
observed. This view will be supported by 
the existence of varitrons lighter than pi- 
mesons, as suggested by Taketani.’ He point- 
ed out that such lighter varitrons should be 
observed in Berkeley experiments if they 
would couple strongly enough with nucleous. 
Then the coupling of varitrons with their 
ancesters may be as large as to correspand 
to the rather short lives of the ancesters and 
as small as to be forbidden the transition to 
a lighter nuclear meson, presumably pi-meson, 
The masses of partners coupling with a com- 
mon ancester should not be so great as to 
give rise to appreciable events of nuclear 
disintegrations. 

The existence of varitrons with rather long 
lives as mi-mesons wouid affect the meson 
life measured by delayed coincidence method 
Ticho* obtained at mountain elevation too 
short life of mu-mesons, which can not be 
explained even by accounting for the capture 
of negative mu-mesons. It is likely that he 
measured the lives of varitrons in addition to 
mu-mesons. 

In the photographic plates there are some 
long tracks with the mass about 700 times 
electron mass starting from stars. ‘This sort 
of varitron should directly couple with nucleons 
and 1s supposed to be the same kind as ‘the 
another tau-meson”®, This is a more argument 
for this kind of meson to be distinguished 
from tau-meson because of the absence of 
stars in their track ends. 

A disintegration of 800 m varitron into 
200 m one" is similar to that of r+3z 
decay discovered by Bristol group," consider- 
ing the values of masses may have some 
tolerance due to the unsatisfactory accuracy 
of this experiment. If it is the case, the disin- 
tegrated pi-meson should be positive because 
it does not produce a star, but there is not 
seen a secondary mu-meson, probably because 
of the low sensitivity of the plate. In the 


presence of many sorts of varitrons the disin- 
tegrations of Rochester and Butler are not 
necessary to ascribe to t->2+7° or 7 decay. 
Thus the difficulty in the competition between 
two and three particle decays can be avoided. 
Such direct coupling varitrons may rarely 
occur in experiments but slightly affect the 
nuclear foeces. 

It is not ruled out that some sorts of 
varitrons disintegrate into electrons. Then 
some of Bruxelles decays are not unlikely 
played by varitrons. If it were the case abnor- 
mal beta-spectra remarked by Nakamura and 
Ono" could be explained by the decay elec- 
trons cf varitrons, which would directly couple 
with the nucleous. 

Detailed account will 
elsewhere. 


be appeared 


1) c. f. A. I. Alikhanian, A. L Alikhanov and 
A. O. Vaisenberg: J. Exp. Theor. Phys. 18 
(1948), 301. 

2) <A. I. Alikhanian, D. M. Samoilovich, I. L 
Gurevich, Kh. P. Babayan and R. I. Gerasi- 
mova: J. Exp. Theor. Phys. 19 (1949), 664. 

3) J. G. Retalack and R.-B. Brode: Phys. Rev. 
75 (1949), 1716. 

R. B. Brode: Rev. Mod. Phys. 21 (1949), 37. 

4) A. O. Vaisedberg: J. Exp. Theor. Phys. 19 
(1949), 726. 

5) <A. I. Alikhanian, A. I. Aleikhanov, V. M. 
Mornzov, and A. V. Khrimiad: C. R. Acad. 
Sci. USSR, 51 (1948), 39. 

6) A. I. Aliknanian, M. I. Daion and V. M. 
Kharimonov: J. Exp. Theor. Phys.19 (1949), 
739. 

7) M. Taketani: private conversation. The 
author thanks him for his stimulating discus- 
sions on this problem. 

8) H. K. Ticho: Phys. Rev. 72 (1947), 255. 

9) S. Hayakawa and Y. Yamaguchi: Prog. Theor. 
in press. 

10) A. I. Alikhanian, D. M. Samoilovich, I. I. 
Gurevich and Kh. P. Babayan: je Exp. Theor. 
19 (1949), 664. 

11) R. Brown, U. Camerini, R. H. Fowler, H. 
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22) G. D. Rochester and C. C. Butler: Nature 
160 (1947), 855. 

13) M. Cosyns, C. C. Dilworth, G. P. S. Occhialini 
and M. Schoenberg: Nature 164 (1949), 129. 

14) S. Nakamura and K. Ono: The Meeung of 
Japan, Oct. 22, 1949. 


The Decay of a t+ Meson into z+ 
and z, Meson. 


H. Fukuda and Y. Miyamoto. 
Physics Institutes, Tokyo University. 
November 6, 1949. 


Calculation of the decay life-time of a r+ 
meson into z+ and z, mesons has been per- 
formed in order to compare it with that of 
a tT meson into 38z mesons, which has been 


found in the photographic emulsion in America.” 


Assuming that t+, z+ and 2, mesons are all 
Bose particles and decay through virtual crea- 
tion of nucleon parir, we examined all possible 
cases Of meson types and couplings in both 
symmetrical and neutral theories. Although 
the results are ambiguous in consequence of 
the pathological charactor of delta function 
of Jordan and Pauli, we exclude this ambiguity 
by Pauli’s “ regulator ”,” but saciifying some 
properties of matrix-element such as Dyson's 
equivalence theorem of the pseudoscalar 
meson.» The results will give us the upper 
estimate of the lifetime in the correct future 
theory, so we may deduce some conclusion 
from the ambiguous results of the present 
field theory. 

The matrixelement of this process in 
Tomonaga-Schwinger theory is 


M= Ns nl al da’ da’’Spur{S(a—a’) 77 


S(x’ —2'’\rno S,(x"’ —2)72+ete}U'= Uno!’ Us 
(D) 


where Ux,(U,0 or U;) is the potential or 
the some derivatives of potential describing 
m+ (mz) or t) meson field. The spin matrix 
Yx(T30 OF Tx) is respectively 1, 74, Tig Tage 


7s (7 being Dirac matrices) according to U;+ 
(U0 or U;) is a scalar, vector, tensor, pseudo- 
vector or pseudoscalar. Vis the sum of the 
number of vector couplings and tensor cou- 
plings and rt; isotopic spin occuring in (I). 
Before carrying through the evaluation 
of this matrixelement, we derive some pro- 
perties of it, because the singular delta func- 
tion could make the result ambiguous. (1) 
The generalized Furry’s theorem,” i. e. if V 
is an odd number, the process is forbidden. 
From this theorem, the process is forbidden 
either in symmetrical theory or in neutral 
theory. (2) Lorentz invariance of the matrix- 
For example, if the t meson and z 
mesons are all pseudoscalar mesons, a scalar 
quantity cannot be made from these three 
pseudoscalar potentials and two independent 
propagation vectors of these mesons, therefore 
the process is forbidden in this case. (8) The 
vector coupling of a scalar meson in neutral 
theory is alivays forbidden. This can be easily 


element. 


shown by using the following nature of S, S, 
functions and Furry’s theorem. 


(r 2.4% S(@)=—d(2) 


(7, 24x )S\(a)=0 (11) 


(4) Equivalence between pseudovector coupl- 
ing and pseudoscalar coupling of the pseudo- 
scalar meson field is true in some cases, which 
can be shown also by using the properties 
(II) and others. (5) The symmetry of the 
matrixelement (I) with respect to rt, 2+ and 
7, mesons. Using this property, the life of 
those decay process, in which we interchange 
the types and couplings of 7 meson with those 
of 7(7,) meson, is only derived from the 
former life by, interchanging the mass of r 
meson with the mass of 74.(7) meson. 

The matrix element is evaluated as follows. 
Inserting in (I) 


S,(2) = 75s |k(vik—2) 6k + 22 )0f EX 


(27)* 
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and integrate with respect to dz’ da’’, we 


obtain 


i ot Le WPAE Gi) NOES Be 
Mayan \dkdk’dk’’d(k—k’ — P,) 
dba ty, eT aa ae 
0 (k —h’’— 0) jy J ara (x 7 


m=] 


Eh? +6, b/2+6,k’"") X Spur{rik—*)rx (rik’ 
ee *)tao(Tik’’ = x) rs} Uz Cells 
where 


(E. E45 2)-(4GR, =a, a) 
E+€, +6,=1 
and changing the variables 
h=h+€,Prt§oPx, ki =k+€Pro—EPay 
bk —=EP. Sb P a 
and integrate with respect to dk accordig to 


Jaan (ut) = 4, [ab (ee+ A790" (E+ A) 


2 
| (i+VYe+A ) 
=27 lim flog 7 —2} 

k> oo 2 A 
Finally, we expand the result in power series 
of the ratio of the meson mass to the nucleon 
mass, and integrate over du, dy according to 


ff do go 6.0 Br. 


__ alptr! 
~ (at B+r+2)/ 


The evaluated matrix element has some- 
times logarithmic divergence, and sometimes 
has the ambiguity, which contradicts to the 
properties (3) (4) of the matrixelement. We 
exclude these divergency and ambiguity by 
Pauli’s “ regulator” 


{o(m)dm=0 { e(m) log |m/dm=0 


\ mo(m)dm=0 ' o(m) log\m'mdm =0 


but sacrifying some properties such as Dyson’s 
equivalence theorem of pseudoscalar meson 
field, which will give us the upper estimate 


of lifetime in correct future theory. 

The decay lifetime of a r* meson into 
a z+ and a z, meson, if it is not forbidden, 
lies in general 10-*~10-** sec., by using 
the next value of meson masses and coupling 
constants 


Uz =900m. bn = Uno = 300m. 
gat) Gea, <2 2 lo gwietl gee 
a mae ee an (3 


The life of this process is too shorter than 
that of 3x decay. This process must be 
forbidden, so that the + meson does not 
decay to x and.z, mesons before 3x decay. 
Detailed account will be published elsewhere. 

In conclusion, the authors wish to ex- 
press their coordial thanks to Prof. Tomonaga 
for his kind encouragement in this work, and 
also to Dr. Ozaki and Mr. Hayakawa for 
their helpfull discussions. 


1) Powell et al. Nature 168 (1949), 47, 82. 

) W. Pauli and F. Villars; the manuscript sent 
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3) F. J. Dyson; Phys. Rev. 75 (1948), 929. 

4) S. Tomonaga; Prog. Theor. Phys. 1 (1946), 
27 etc. 

5) J. Schwinger; Phys. Rev. 72 (1948), 1438; 
75 (1948), 651, and his unpulished manuscripts. 

5) H. Fukuda and Y. Miyamoto; Prog. Theor. 
Phys. 4 (1949), 389. 

6) H. Fukuda and Y. Miyamoto. Prog. Theor. 

Phys. 4 (1949), 347. 

J. Steinberger Phys. Rev. in press. 


The Decay of a r+ Meson into a 
x* Meson and a Photon. 
H. Fukuda and Y. Miyamoto. 
Physics Institutes, Tokyo University. 
November 6, 1949. 


Calculation of the decay lifetime of a r+ 


meson into a z* meson and a photon must 
be examined before evaluating the life of the 
3x decay. Since this decay process is lower 
order one than the 37 decay, and, moreover, 


due She 
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there is no such a selection rule due to Furry’s 
theorem” as in 2z decay above-mentioned. 
The matrixelelement of this process consists 
of three types which can described as follows 
in Feynman’s diagram.” 


t 


eer m 


matrix element is established only considering 
these three types altogether. But, when the 
coupling of the t(z) meson is a vector or 
tensor type, and the coupling of the z (r) 
meson is a scalar, pseudoscalar ar pseudovector 
sype, the processes II, I1’, III and III’ have 
no contribution to the matrixelement accord- 
ing to Furry’s theorem, so the gauge invariance 
is established only by (I) in this case. 

The matrix element has several important 
properties. (1) There is no Furry’s theorem, 
because the isotopic spin tp does not com- 
mute or anticomute with the isotopic spin 
Tpy and typ. (2) The Lorentz and gauge 
invariance of the matrix element. For example, 
if t and z mesons are both scalar (pseudos- 
calar) mesons, a gauge invariant scalar quan- 
tity cannot be made from these two scalar 
(pseudoscalar) potentials, the vector potential 
describing the electromagnetic field, and two 
independent propagation vectors of these 
mesons and a photon, therefore this process 
is forbidden. (3) When there is the vector 
coupling of a scalar meson the process is for- 
bidden except that the coupling of another 
meson jis a vector or tensor type. But these 
exceptional: cases are also forbidden by the 
condition of zero photon mass, which has been 
formaly proved by Schwinger,” for the former 
case, and by using Pauli’s ‘‘regulator’’ for 
the latter respectively. (4) The equivalence 
theorem of pseudoscalar meson” is maintained 


The type III (III’) is not necessary, when t 
(z) meson is a scalar or pseudoscalar meson 
and its coupling is a scalar or pseudoscalar 
meson and its coupling is a scalar or pseudos- 
calar type. The gauge invariance of this 


(11) 
iF as inal co setae 
(III) 
° “as CS j 


except that the coupling of another meson is 
a vector or tensor type, but in these cases it 
is also established by using “regulator’’. (5) 
The symmetry of the matrix element between 
tT and z meson. 

We evaluated this matrix element by using 
Tomonaga-Schwinger’s theory,” which is the 
same procedure as the above-mentioned letter. 
The evaluated matrixelement has sometimes 
the logarithmic divergency and sometimes the 
ambiguity, which are contradicted to the pro- 
perties (3) and (4) of the matrix element. 
We removed these difficulties using Pauli’s 
regulator but sacrifying the equivalence theo- 
rem of a pseudoscalar meson field. This 
procedure will give us the upper estimate of 
the lifetime of this decay, because the diver- 
gence and ambiguity in this calculation can 
make the lifetime shorter. 

The decay lifetime of a t meson into a 
7 meson and a photon lies between 10-“~ 
10-"8 sec. in general, if this process does 
not forbidden, which is longer than that of 
above-mentioned 27 decay due to the smallness 
of coupling constant of the electromagnetic 
field with nucleon as comparison with that 
of meson with nucleon, but it is shorter than 
the lifetime of 38 decay. 

We select the types and couplings of t 
and z mesons, so that the rt meson does not 
decay into a z meson and a photon before 
into 3a decay, and that the 3 decay does 
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not forbidden. The decay of at meson into 
m and zt, mesons can be always forbidden by 
choosing the theory either symmetrical or 
neutral theory. The selected cases are listed 


in the below table assuming the types and 
couplings with nucleon of these three z 
mesons are all the same one. 


coupling 


us 


| type 
| coupling 
! 


Theory 


Convergency 


The suffix Sy and N in the table means that 
the theory is the symmetrical and neutral one 
respectively, and it is so choosen as to forbid 
the 2x decay. When the matrix element of 
the 3x decay has logarithmic divergence it 
is suffixed co. Detailed account will be publi- 
shed elsewhere. 

The authors express their coordial thanks 
to Prof. Tomonaga for his kind encourage- 
ment in this work and also to Dr. Ozaki and 
Mr. Hayakawa for their helpful discussions. 
1) H. Fukuda and. Y. Miyamoto; Prog. Theor. 

Phys. 4, (1949) 389. 

2) R. P. Feynman; Phys. Rev. in press. 
3) J. Schwinger Phys. Rev. 74 (1948), 14388. 

G. Wentzel. Phys. Rev. 74 (1948), 1070. 

4) W. Pauliand F. Villars; the manuscript sent 
to Prof. Tomonaga from Prof. W. Pauli. 

5) F. J. Dyson; Phys. Rev. 73 (1948), 929. 

6) S. Tomonaga; Prog. Theor. Phys. 1 (1946). 
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On the Electromagnetic Properties 
of Nucleons* 


M. Taketani, S. Machida, and T. Tamura 
Physies Department, Nagoya University 
and Tokyo University 


November 14, 1949. 


We have calaulated, using Tomonaga- 
Schwinger’s method of canonical transforma- 


tion, how the electromagnetic properties of a 
nucleon is altered by the scalar or pseudos- 
calar meson field surrounding the nucleon, 
up to the orders of ef. We have omitted 
DSS-terms in the integrand, in which the 
arguments do not circulate (D and S are the 
4-dimentional delta-functions of meson and 
nucleon respectively, and DSS means the 
product of one meson delta-function and two 
nucleon delta functions), interpreting them as 
mass’ renormalization terms according to 
Dyson’s discussions.” The terms which can 
be interpreted as vacuum polarization effects 
of nucleon field vanish exactly. Hence, 
there remain only Lamb shift type correc- 
tions. And the divergencies which arise from 
these terms can be subtracted as charge renor- 
malization effects for nucleons. Then, the 
results become finite, and can be compared 
with experiments. 

Considering various kinds of external 
electromagnetic fields, we have calculated the 
anomalous magnetic moment of a nucleon, 
interaction energy between a neutron and an 
electron, and the contribution to level shift of 
hydrogen atom. 

Results obtained coincide almost with 
Case s results. Therefore we give only results 
briefly : 

A) Anomalous Magnetic Moments 
I) Scalar Theory 
a) neutral theory 
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and {= 3 - (4=meson mass, 
0 
k,=nucleon mass). 


B) Neutron-Electron Potential [divided by 
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I) Scalar Charged Theory ( vie oe ) 


. 1 1 
Vom gig [Fle FRO) — 
1 1 


F,O(2)) gl?) — Gy BO) 4 


(E, (22) — B® ea spayade 


ro=election radius] 


ind? nBe? ee " 
ide) Ter th eed oF 


—10.0 Kev 


2 
II) Pseudoscalar Charged Theory (A =6) 


J? 


Vo= “-- a el ee 6 F3(2*) + Sate (2? ) 


oe 1 1 
eran ur) —1eB. (1) +9 B® 
; es Ay te : 
(A yg Toko? 1 jud Bs 


5 3an ( 3e? Ay ‘Cvede 


i 
ls Gg Aegis + Arry*k," 
1 
—3,5 KeV (=) 
C) Contribution to Hydrogen S-level Shift 


(dE) 
This value is nearly proportional to the 
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value of neutron-electron potential, for the 
contributions from nucleon charge are neg- 
ligible compared to those from meson charge, 
and will show only the numerical results. 


9 


I) Scalar Charged Theory (ae 30) 


1 
2.1 Me (=49) 
6E=:1 12 Me (i=) 
0.27 Me (= 5) 


Ls 
(Gate ~”) 
1 
57s 0.72 Me ( ea Tae 
0.50 Me (=) 


*) These results were published in “ Soryushiron 


Kenkyu” Vol. I (1949) 89, 307 (in Japanese). 
After one of these papers was completed, the 
authors read papers by Slotnick and Ifeitler@) 
and by Case.(2) 


Dyson, Phys. Rev. 75 (1949), 486. 

Case, Phys. Rev. 76 (1949), 1. 

Slotnick & Heitler, Phys. Rev. 75 (1949), 
1945, 


The Covariant Formalism of 
the Theory of Damping 


T. Miyazima, M. Sasaki, 
R. Suzuki, and N. Fukuda 


Department of Physics, 
Tokyo Kyoiku Daigaku 
November 14, 1949 


In spite of its brilliant success in quan- 


tum electrodynamics, the theory developed by 
Tomonaga, Schwinger and Feynman (T. S. F, 
theory) cannot immediately be applicable to 
the processes involving meson fields, because 


of 


thier divergent nature in the high energy 
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region. We should therefore resort to the 
damping theory proposed by Heitler and his 
collaborators,” in order to obtain the reasona- 
ble results. Thier prescription as it was is 
though insufficient in that the theory is 
given only in non-relativistic way and, as 
the consequence, under the assumption that 
in all the reaction terms are to be omitted 
correspondence argument, though the drop- 
ped terms give rise to ultra-violet difficul- 
ties if calculated non-relativistically.% more- 
over, the latter procedure has the serious de- 
fects, because, aS was pointed out by Bethe 
and Oppenheimer,™ it can do nothing about 
the well known infra-red catastrophe. There- 
fore, it is desirable to derive the relativistically 
covariant formalism for the damping theory. 
This paper deals with such a derivation. 

It has been already shown by one of us 
that the unitary operater in T. S. F. theory 
can also be expressed in the form of Cayley 
transformation 
1—22iK 


S[o]=1—22i R= 9 ae . 


q) 


Here, if we push the surface @ to infinite 
future, the expression for Heisenberg’s S- 
matrix will result® and the corresponding AT 
is calculated to be 


7 (8, 1 " 

K=SK", K =—,—(-i"|...fde, 

---d2H(1)...H(n)e(1,2)-..e((n—1)n). (2) 
or, as the explicit form of S=JS™ have 
already been given elsewhere, it will also be 
convenient to have the relation between S™ 
and A’), From Eq. (1), we have 

(l+2iK)S=(1—7ik), 

and, by substituting 2A™ for K and SS” 
for S, and comparing both sides, 

AM =0, 


K® =-—t_{ Jade, PH) H(2)) 
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K®=—5—\\fdedredes PH HQ) 


pas Ae 


H(8))=-5— 8®, (3) 
K®o= ae pagal ialla 


Now, the operator R in Eq. (1) relates 
directly to the cross section o4» in the scat- 
tering processes through : 


oan =~ | Ran | *0n (4) 
where A and BF denote initial and final states, 
respectively, and Vz the velocity of the in- 
cident particle: gz, the level density of the 
final states. The relation between K and R 
is obtained from Eg. (1) as 


R=K—ir KR, (5) 


which is nothing but the Heitler’s equation 
generalised by Pauli and Wentzel. The only 
difference is that K has now the covariant 
form, including reactive effects in itself, and 
that the diverging effects due to the radiative 
mass and vacuum polarisation are previously 
amalgamated. If solved by successive sub- 
stitution, Eq. (5) will give rise to the usual 
_ perturbational expantion, which coincides with 

that of T. S. F. theory. To have the damp- 
ing effect, however, we have only to treat 
jt as simultaneous equations. The applica- 
tions to the individual scattering processes are 
now on calculation. 


1) W. Heitler, Proc. Camb. Phys. Soc. 37 (1941), 
291, ibid. Wilson, 37 (1941), 301. W. Heitler 
and H. W. Peng, 38 (1942), 296. 

2) H. A. Bethe, Phys. Rev. 72 (1947), 339. 

3) H.A. Bethe and J. R. Oppenheimer, Phys. Rev. 
70 (1946), 451. 

4) T. Miyazima. Prog. Theor. Phys. 3 (1949), 455. 

5) F. J. Dyson. Phys. Rev. 75 (1949), 1736. 


A Remark on the Problem of 
Gauge-Invariancy 


H. Umezawa and R. Kawabe 


Institute of Theoretical Physics, 
Nagoya University. 
December 6, 1949. 

Previously, we pointed out that the self- 
energies W of a photon with momentum J~ 
due to the various charged fields have the same 
relation of signs and proportionarities as those 
between zero-point energies Fyero Of these 
charged fields ; that is, by the calculation in 
momentum space, we obtain;” 


1 9 
WH Bolen} (=|¢) (1) 
+ 1 for scalar charged field 
=;,— 2 for spinor charged field 
+ 3 for vector charged field 
whereas 


Euro nf (p+ ge (ay 
It is our purpose to scrutinize the physical 
meanings of this esthetic relation from the 
correspondence theoretical view point. In the 
Dirac” Heisenberg’s” theory of the positron 
using the density matrix, the following singular 
term is defined as the vacuum value of the 
density matrix which should be subtracted in 
the course of the calculation of vacuum polariza- 
tion ; 


Uap exp (—iel Ajdx,) . — (2’) 


The factor « in (2) enables this subtrac- 
tion theory to give the gauge invariant results.” 
According to Weisskopf,” this subtraction pres- 
cription is equivalent to define the self-energy 
of the vacuum as follows: 


Ue — ons | {Poca 


-— eAg} dP. (3) 
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Therefore, the following postulate can be 
introduced ; “ we should subtract as the self- 
energy of the vacuam the modified zero-point 
energy in which the momentum P, im the 


usual zero-point energy is replaced by pu—eAy’. 


In the classical theory, as{v (P—eA) +" 
—eAy} is n/V1—v", the above definition of 
the vacuum corresponds to specification of the 
state of electrons by their velocities v. 

We will apply this postulate to the vacuuin 
polarization due to various charged fields. Ex- 
panding the vacuum energy in powers of 
charge e as the perturbation calculation, we 
get, to the second order ; 


U=—one | VP +H —ed}aP 


ne {1 2| A 
ae by ent te ) 
w=(p; p!)=2P*+ = Ep*—(P,— P)(4)’® 


The second term in the right side of (4) 
agrees correctly with the self-energy of the 
photon (1). Accordingly this postulate makes 
the self-energy of the photon zero. 

However, it seems to be difficult to in- 
troduce this postulate into the theory of quan- 
tized electromagnetic field. In Tomonaga- 
Schwinger theory, the calculation of the self- 
energy of a photon in momentum space also 
gives the result (1).” This fact seems to show 
that the definition of the vacuum in this theory 
is not in conformity with the above postulate. 
In our mixture theory” or Pauli’s regulariza- 
tion method® which give the vanishing photon- 
self-energy, the second term in (4) becomes 
zero, so that, we can define the vacuum en- 
ergy as the usual zero-point energy 
na pte. 


From the above investigation we may 
conclude that our mixture theory of vanishing 
photon-self-energy has two features : Firstly 
Weisskopf's correspondence theoretical ar- 
gument on the zero-point energy is translated 
in the quantized field theory without difficulty. 
Secondly, Pauli’s regularization method acquires 


a realistic meaning. 

Finally, we apply the above postulate to 
the problem of the two photons disintegration 
of a neutral scalar meson. In this case, the 
interaction term f¢*By¢g of the neutral scalar 
meson ¢ with the proton ¢ replaces the proton 
mass yz in the equation of motion of the free 
proton by z+f¢. Therefore, let us define the 
vacuum energy as follows: 


ae nara {/ (Pea) + athe 
i 6) 


Expanding (5) in powers of charge e and 
perf 
f, we get = 
order e*f. This term agrees correctly with the 
non-gauge invariant term which appears in 
the perturbation calculation of the probability 
for the two photons disintegration of the neu- 
tral scalar meson. Therefore we can get the 
gauge-invariant result in this case according 
to the above postulate. 

Foregoing correspondence theoretical ar- 
gument suggests the intimate connection be- 
tween the problem of gauge-invariancy and 
the definition of the vacuum. 

We wish to acknowledge to Prof. S. Sakata 
and Dr. T. Inoue for the invaluable discussion 
and the continued encouragement. 


¢A* as the term of the 


1) H. Umezawa and R. Kawabe: Prog. Theor. 
Phys. 4 (1949), 443. 

2) P. A. M.. Dirac: Proc. Camb. Phil. Soc. 30 
(1985), 150. 

3) W. Heisenberg: ZS. Phys. 90 (1984), 209. 

4) Nevertheless, the self-energy of a photon is ap- 
peared in Heisenberg’s theory. R. Serber: Phys. 
Rev. 49 (1936), 545 showed that this is due to 
the internal inconsistecy of the subtraction 
theory. 

5) V. Weisskopf: Danske. Vidensk. Math-Fys. 
Meddelesser 14 (1936) 6 R. Peierls: Proc. Roy. 
Soc. 146 (1934), 420. 

6) This varirble 7=(P, P’) is introduced accord- 
ing to the relativistically invariant integration 
domain becomes the momentum-space-sphere 


Letters to the Editor 155 


when refered to a appropriate coordinate system. 
7) HH. Umezawa and R. Kawabe: Soryusiron- 
Kenkyu (in Japanese) 4, No. 2. (1949) 142. 
8) W. Pauli and F. Villars: Rey. Mod. Phys. 21 
(1949), 434. 
9) H. Fukuda and Y. Miyamoto; Soryusiron- 
Kenkyu (in Japanese) 4 (1949), 29. 


- On the Spur Calculations in 
Quantum Mechanics. 
K. Nishijima. 
Institute of Physics, Tokyo University. 
December 8, 1948. 


In quantum mechanics, physical quantities 
are considered to be represented by Hermite 
operators. We will now seek for an analogy 
between the Spur and the phase space integral. 

The Spur of an operator A is defined by 


SpA=Dn, AGn)=| (Pe, Ads) dk, (1) 


whdre {%,} and {%,} stand for complete or- 
thonormalized systems such as 


Sr(x) g ait 


Clearly the definition of Spur is independent 
of the choice of a special system. For instance, 
a complete system is given by 
1 

VY @n 
Using the system (3) we can obtain the Spur 
of an operator of the type as 

A= F(Q)G(P), (4) 


where Q, P stand for the coordinate and mo- 
mentum operators. In fact, 
) ak Sene 


y)=SP.(@) Pely)dk=8(x—y) (2) 


Dy, (a) = e* ( 3) 


SpA=|dk(t, Ab) = — 
E(Q) G(pje dx 


- oe | ev Flax) G(hk) &* dadk 


ona SF 


G(p) dadp. 


Thus we get the following formula 


For a system with f degrees of freedom, (5) 
is easily generalized to 


SP(F(Q1,-@) GPP) =). | 


dgy-dgy dpyd 
apace F(qs++-47) @(py---p))(6) 


This formula is valid for the .case when all 
P's assume continuous eigenvalues, and _ this 
enables us to calculate thermodynamical func- 
tions of the quantum statistical mechanics by 
the classical phase space integrals. 


1. Application to Statistical Mechanics. 


In ordér to calculate thermodynamical 
functions, it is enough to know the partition 
function or the Zustandsumme. In the clas- 
sical and the quantum statistical mechanics, 
they are given by 

nile 
dq,--.day dp,--.dpy = kT 
Lt =|..f hi é 


’ 


Zu =Sp{ ue) (7) 


Now we-assume that the system is put 
into a yolume V, then we can assume that 
the potential U is infinite outside of the given 
volume V. Moreover, we take a special Hamil- 
tonian as follows: 


H=K+U=(1/2m)(P.2+ P,?+P.*) 
+U(Q:, Gy Qe)- (8) 
In the calculation of (7), we use the expansion 
—$H — e—)(K+U) — p—bU eb (e8* Ye A+) 

=e SU eK (14. (1/2)8 
(KU—UK)+..-}, (9) 


é 


where B=1/KT. 
If we employ the special form of (8), then 
readily 
KU—UK=(i/2mi) (P. grad U 
+grad U.P) 
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=(h/2mi)(2P grad U— (4/7) 4U) (10) 
follows, where 4 denotes Laplacian. So Zou 
is given by 

Lp =Sple = Spleen ** {1+ (1/2)6" 
(kKU— UK)+.---}] 


=Sple¥ e-**) 


= pT Sp(e~®¥ e-8* P grad U) 


4 BE gy (¢-8 e-8T AU) fp oveees (11) 
Am 


While 
Sp(e¥ e-* ) 


=|-..{ dq,dq.475 dp dpdps eno 


h 


V-o 
=e ; 
and the rest terms are 
Sp(e-*¥ e-** P grad U)=Sp (grad U. e~84 
ete Py=ah-§ \dqdqudgs grad U.e8U 
Vv 


j Pe-5* dp,dp,dp,=0. 


Now we will put for any quantity S that 


oa 


ye 1 dq ».dgydp dp SH 
<S> a,j —} | eS Or se (12) 


then we obtain 
: #? | 
Lou = Lei (l+—fyega C4 US a+.) (13) 


This is a power series of #?, explicitly represen- 
ting the relation between classical and quantum 
Statistical mechanics. 


2. Expansion Theorem. 


Another application of the Spur calcula- 
ion is the expansion theorem of an operator. 
Consider such an operator in Hilbert space 
© as 


Sp(S*S)<+ 29, (14) 


where S* is the adjoint operator of S. 

We will call the set of all operators sa- 
tisfying (14) as ©. The property of 6 is as | 
follows : 

(1) © is a linear space. If G€S,, S., 
then Ge aS,+8S., where a, B are complex 
numbers. 

(2) If 6 €S,,S., then Sp(S,* S.)<+ 00. 
And it is easily proved that S forms a Hilbert 
space. 

In this case the product, or more precisely 
the inner product of 6, and é, is defined by 
(S,, S.)=Sp (S,*S.) (15) 
We must notice that the element of & is an 
operator in the ordinary Hilbert space $. 

Let us denote the operator in 6 by the 
German letters. Clearly the following operator 
Q is linear, 

QS=LS—SL, (16) 


where LZ is an operator in § and S an element 
of 6. 
If LZ is Hermitic in §, then So is Qin 6. 
We define two operators 8, O by P, 


BS=PS—SP, OS=QS-—SQ. (17) 
But by Jacobi’s identity 
[PL@, SI=(OP, QS] 
=(APSTI+[4/2,S] 
=LQP,3$8), 


which signifies for ® and Q that 
BO=-a B. (18) 


By this commutativity we can discuss about 
the following simultaneous eigenvalue pro- 
blem, i.e. 


BS=ps 
oS=~—,S (19) 


Then the eigenvalues are— oo< p< + 00,— 00 
<qy<+oo and the eigenfunctions for the 
given p, q is expressed by 
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S=o(p,)=exp( p@ Jexp (+ gP ) (20) 


_ and the solution is unique. 
By the theory of Hilbert space, any 
element S of 6 can be expanded as 


i eae c( p,q) o (p,q), (21) 


because of the completeness of the eigenfunc- 
tions of Hermite operators. 

Now remember the formula (5), then 
using Fourier’s integral theorem and Weyl’s 
equation, c(p, g) is given by 


ep, 9)=Spl(o(p, 9)S*)=(o(p, 9),S). (22) 


Consequently we can write simply 
d 
s=[f[P (lp, 9), $) 0 (oq). (23) 


Now multipiying S* from the left side of 
(23), and taking the Spur, we get the follow- 
ing formula analogous to Parseval’s : 


“sp(s*s)=Jf 2 | (pa), (24) 


This expansion theorem shows the reci- 
procity between P and Q, and can be applied 
to the non-localizable field theary. 


Quantum Theory of Generalized 
Local Fields 


S. Kanesawa 
Institute of Physics, 
Tokyo Gakugei University 
December 8, 1949. 


Recently, Koba and the present author” 


proposed the new method which can describe 
more general interactions than those in the 
current one. The essential point of our gene- 
ralization was as follows: One considers the 
system having the interaction Lagrange density 
containing derivatives of the field variables of 
any order and being a Loreniz-invariant analytic 
function of these quantities. Then, one assumes 


that the quantum mechanical system corres- 

ponding to the above stated classical one is 

described by the following Tomonaga-Schw- 
inger equation : 

no 40 

{Hx +0] eter nar ¥[o]=0. (1) 

where the field variables contained in H [2 ; 

o| satisfy the same fourdimensional commuta- 

tion relations as the free fie!d ones, and the 

generalized interaction Hamilton density H[2; 

o| of our system is derived from the interac- 

tion Lagrange density L(x) such that (i) it 

satisfies the integrability condition 
i ”) 
[H [a's a(x) |+—— da(. 4) ’ 


0 
Ga(2”) 


Hlx 5 oe +4—F 1-0, 
where X and X’ are space-like to each other 
and (ii) the equation (1) reduces to the ordi- 
nary one when the canonical formulation is 
possible. It is to be noticed that the operator 
Hx ; ¢] obtained here contains, in general, 
not only the unit normal of the hyper sur- 
face o but its derivatives, so that it depends 
not only on the inclination of the hyper sur- 
face o at the point XY but on curvature etc. 
of o at this point. 

Now in this letter the present author 
answers the questions how the energy-momen- 
tum conservation law will be formulated in 
this general case. The total energy-momen- 
tum quantities of our system are defined as 
follows : 


Pile ; o(e)]= | Pis(a)doy(a") 
+0us) He’ ; o(2")]dou(2’), (3) 


where 7’), means the energy-momentum tensor 
of the free fields and H[2 ; a] is the interac- 
tion Hamilton density. It should be clear that 
the energy-momentum conservation law of 
our system, in the interaction representation, 


it is to be written 
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4P[2 ; a] ae Plz; o] 


Aa(x) 0a(x) 
+4[Hle;o) Pilz; ol=0. (4) 


The equation (4) follows at once by noticing 
that the relation 


ARIE tO le nr a ae 
ree 6 ai |e; o(0))+ Toc), 
HX’ joey dole) 6) 


holds. According to (2) the right-hand side 
of (5) equals to zero, so that the conserva- 
tion law (4) is correct. It will be remarkable 
that the integrability condition of the Tomo- 
naga-Schwinger equation is perfectly equivalent 
to that of the energy-momentum law. Mo 
reover, it is to be noticed that there exists 
in our general formulation a possibility of 
disposing of some part of the socalled 
interaction type divergencies which cannot 
be removed consistently by the present Tomo- 
naga-Schwinger theory. 

Detailed accounts and especially the last 
mentioned facts will be clarified in the later 


issue of this journal. 


1) S. Kanesawa and Z. Koba: 
Phys, 4 (1949), 297. 
2) S. Kanesawa, ibid. 4 (1949), 238. 
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Excess Electrons in Lower Atmosp- 
here and y-decay of Neutral 
Mesons 


S. Hayakawa 
Department of Physics, 
University of City Osaka 

December 9, 1949. 


It is well known that electrons in the 
lower atmosphere can not be explained by 
only the knock-on and the decay of s mesons!, 
Rossi ascribed such electrons to N-radiations, 
which are considered to be produced by the 
nucleon component and to responce to high 
energy showers associated with penetrating 


showers?. In order to inquire the substance 
of N-radiation, we proposed the existence of 
8-meson; which is slightly lighter than z-meson 
and responces to nuclear force and B-decay.? 
Although the existence of such a meson is 
disproved by Berkeley experiment, its role in 
cosmic rays may be remained if the substance 
is adequately replaced by other one. This 
replaced substance may be the neutral z-meson 
which rapidly disintegrates into two photons. 
Indeed we can explain the intensity of soft 
rays in the upper atmosphere by means of 
neutral mesons”. We wil] attempt to ascribe 
the excess electrons in the lower atmosphere 
to neutral mesons, since their role is almost 
certainly established by various arguments. 
The number of neutral mesons produced 
per g cm™ air at the atmospheric depth z 
with energy between ¢ and e+deé is given by 


Sle, z) ds=rA exp (—2/125) e-*/de, (1) 


where 4=4.6 x 10~° sec~'cm~*, measuring the 
energy in 10 Bev as before: The number 
of electrons in equilibrium with parent nucleons 
which may be a good approximation in lower 
altitudes under consideration, is obtained by 
tne method of electron track. The length of 
electron track initiated by the energy ¢ is 


Ze) =(e/e;)Xo, €;=86 Mev, 
X,=36 gem-. {2) 


The number of electrons is given by 


N(x) =) fle, 2) Ze)de 
) “rt 3) 


The result is represented in Fig. 1 by a dashed 
curve D for the altitudes lower than 600 g cm7-*. 

The experimental result to be compared 
is taken from Rossi's articls*, represented by 
curve A. The contribution from the knock- 
on and decay electrons of 4-mesons is deter- 
mined by referring to the analysis of Bernardini 
et al', but by accounting for that the decay of 
a wz-meson is modified as to disintegrate into 
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one electron and two neutrinos, as indicated 
by curve B. A—B=U represents the con- 
tribution from N-radiations. The agreement 
between curves C and D, besides a slight 
inevitable discrepancy in the absolute values, 
seems to mean that N-radiation may be iden- 
tified with the decendant of the neutral 


meson. Thus the 7-decay of neutral mesons 


is. in our opinion, almost thoroughly established 
in cosmic ray phenomena. 


lo-* 


Intensity 


10> 


600 00 800 900 1000 


Depth g cnr 


Fig. 1. The intensity of electrons in the lower 
atmosphere. 
A: whole electrons. 
B: electrons from 4-mesons. 
CG electrons from N-radiations. A-B. 
D: electrons from neutral mesons. 


1) c. f. G. Bernardini, B. N. Cacciapuoti and R. 
Querzoli: Phys. Rev., 73 (1948). 328, 335. 

2) B. Rossi: Rev. Mod. Phys., 20 (1948), 537. 

8) M. Sasaki, S. Nakamura and S. Hayakawa: 
Prog. Theor. Phys., 4 (1948), 454. 

4) S. Hayakawa and J. Nishimura: Prog. Theor. 
Phys., in press. 

5) V. Fujimoto and S. Hayakawa. Prog. Theor. 
Phys. in press. 
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On the Concept of the Nuclear 
Potential. 


K. Baba, D. It6, T. Miyazima, 
and M. Sasaki. 


Physics Institute, Tokyo Bunrika Daigaku. 
December 19, 1949. 


From the very beginning of the meson 
theory proposed by Yukawa, the traditional 
concept of the nuclear potential does not seem 
to have experienced any progress. The 
nuclear potential has been taken as an adiaba- 
tic or a static potential between nucleons, quite 
analogous to the Coulomb interaction between 
charged particles. The latter can, however, 
be derived from the fundamental equation of 
field theory by a rigorous canonical trans- 
formations containing no approximation, and 
its validity has been confirmed by a great 
many experimental facts. On the contrary, 
the usual nuclear potential is calculated only 
up to the second order with respect to the 
coupling constant of the nucleon and the 
meson. It’s validity seems, at first sight, to 
be restricted by the applicability of the per- 
turbation method, and the situation is serious 
because the coupling constant is very large 
and the higher order terms become larger for 
higher energies for the types of interaction 
including derivatives of the meson field varia- 
bles. In fact Bethe®, Watson and Lepore® 
showed that the fourth order terms have an 
important contribution to the nucleonic collision 
in the energy range of about 100 Mev. 

In order to determine the types of mesons 
and of interactions, two groups of data must 
be used. One is the collision between nucleons 
and mesons for which the straight-forward 
perturbation calculations may be sufficient if 
all necessary reactions, both reactive and re- 
sistive, are taken into account. The concept 
of nuclear potential becomes essential in the 
other case of the deuteron where the deforma- 
tion of the wave function is large and the 
validity of Born approximation is lost. 

In this short note we want to remark a 
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simple fact that only the second order Mller 
interaction must be taken as the rigorous nuclear 
potential for any strength of the coupling and 
the effect observed by Watson and Lepore 
is nothing but the effect of deformation of 
the wave function due to the Mller interac- 
tion. This will easily be seen in the following 
diagram. It may also be inferred that on 
solving the deuteron states we need use only 
the second order M@ller interaction and solve 
the relativisti¢ differential equation rigorously. 
The relativistic treatment is needed in order 
to take account of the transitions through 
negative energy states which become important 
especially for the pseudoscalar mesons. As 
pointed out by Arkaki,Toyoda and Nambu,” 
the transformation of the Mller interaction 
into the space-time coordinates of the nucleons 
is ambiguous, but it is necessary to note that 
all the terms, which does not vanish identical- 
ly for virtual transitions of the nucleons, must 
be retained. 

Details of the calculation will be published 
in the near future. 
Feynman-Diagram of the 2nd order M@ller 


Interaction 
ve < ph ina 
if 


All the 4th order processes are represented 
as the combinations of the 2nd order processes : 


Xf — spt 
0 west) 
JER aap 
ee 
aK i ee 


Each process of above diagrams corresponds 

to Sa, Sb, Se, Sd, Se of Watson-Lepore’s 

processes, respectively. 

1) H. A. Bethe, Phys. Rev. 76 (1949), 119. 

2) K. M. Watson and J. V. Lepore, Phys. Rev. 76 
(1949), 1157. 

3) G. Araki, Private Communication to Mr. Toyoda. 
Prog. Theor. Phys. 4 (1949), 193. 

4) Toyoda, Lecture before the symposium on the 
theory of elementary particles held on Dec. 
8 and 9, 1949. 

5) Y. Nambu, see above. 


On the Interaction between Nuclear- 
Vibrational and Electronic States. 


H. Narumi and Y. Takano 


Physics Department, Faculty of Science, 
Kyoto University. 
December 19, 19-49. 


By group-theoretical considerations could 
be proved the general theorem” ; all degene- 
rate electronic states, without special twofold 
one, of non-linear nuclear configurations in 
the polyatemic molecular systems are unstable 
whether the degeneracy is due to electronic 
orbitals or to spin. Only the linear configura- 
tions in degenerate electronic states, however, 
can be stable with respect to all displacements 
of the nuclei. Since orbital two-fold degene- 
racies are essentially due to the axial symme- 
tries of the nuclear configurations, they may 
split by breaking their linearity, e.g. the nuclear 
displacements of the normal mode of a de- 
formation vibration, and it is expected that 
the magnitude of the splitting of their levels 
is as same order as the potential energy of 
the nuclear vibration. Under these conditions, 
therefore, we have to reconsider the ordinary 
separation into electronic and nuclear motions”. 

Accordingly we restrict our problem to 
the interaction between electronic and defor-— 
mation-vibrational states in question of the 
linear X¥.-type molecules. It is also possible — 
to extend our considerations to all other linear 
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systems. The wave function of such a system 
can be given by 


> > 


Y (ge, gn)=x*( Gn) Onlqe) +47 (Gr) dale, 


where bale) and alge) belonging to the ei- 
genvalues E,’+o (r) are symmetric and anti- 
symmetric. electronic functions for the ref- 
lection by the plane containing the principal 
axis, respectively, and o(r) principally determi- 
ned by perturbation calculations is the half 


value of the electronic separation which gives ' 


the magnitude of the interaction between 
electronic and nuclear motions. So we can 
obtain the following Schroedinger’s equation 
for two-dimensional vector X, whose com- 
ponents are the nuclear functions y*(r, ¢) 
and x*(r, ¢) mentioned above : 


[ s +5 = +33 ( Z - 4p) | 


X(r.9)+ SALE Fat + Q.0(0)1X(r.9)=0, 


where p=(_} a ; e=(~5 : 


and A (unit by %) is the electrontic angular 
momentum about the principal axis, “4 being 
the reduced mass of this vibration. Then the 
zeroth order harmonic solution is 


(0) + 
q zavm = (1/y/deg)etint a? 
DE Yn = (0) = 
Lr~vm = ats (1// 4x ort») 4 
Ry |m\ (r) 


Rept Pies i= (3 ) 


where V is the vibrational quantum number, 
|m|=V—2i (i=0 or a positive integer) means 
that of nuclear angular momentum, and Fy jm 
(r) is the solution of the radial part includ- 
ing the associated Laguerre function. There- 
upon we can define M=m+ 4, the quantum 
number of the total angular momentum about 
the principal axis. 

If we assume the //-term as the electronic 
ground state from the fact mentioned above, 
it becomes indispensable to consider the 4- 


term” . It can be easily shown that the per- 
turbed splitting of the Aterm caused by a 
electric dipole due to the nuclear displacement 
is contributed by 4th order perturbation, while 
the quadrupole effect of this system contributes 
to 2nd order, and then the splitting due to 
both effects is proportional to the fourth power 
of the displacement: o(r)=yrt. In such a 
case we have to consider the anharmonicity 
correction also in the vibrational potential. 
Therefore the total-symmetric and -anti-sym- 
metric modes of the nuclear displacements 
will be introduced, but they cannot contribute 
to destroy the linearity. Consequently, we 
can put E*,(r)=ar?+ r*, where B is dfferent 
from the pure anharmonicity constant, and 
the energy correction of the quartet term is 
readily obtained. 

Such being the case we can construct 
the interaction energy matrix for the perturba- 
tion term S=— Qyr’: 


o 


(AV M| S| 2° VM’) =—(y/4n)§ 


om 
(0) 


(0) 
\Xhrm Ort Xyrvim rdr dg, 
0 


and in general (AV M| S| AV’ M’)=0 (A=1,2), 
where the selection rules are given by M’= 
M (m’=m+4), and V’=V, V+2, V+4. 
When performing to S the transformation to 
principal axes by a suitable unitary matrix, 
we can find the perturbation energy in addi- 
tion to the vibrational proper term. ‘The first 
order corrections which cause the splitting 
are given by 


+ 


Ey 42-94 = (1,M+ 2i+2, 4M} S| 2,0 
+2i—2,4+ M) 


= + 8ehvy/i(i—1)(M+2)(M+i-—I), 


where e=a/E%n, and no splitting take place 
in the case of <=0 or 1. The second order 
shift energies were also obtained as follows: 
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(2)+ 
Foy 421-24. 


= — eh (M+ 24)(M+2i—1)( M+ 2i—2) 


— 4 (M+2i—-1) (2M+2Mi-—M+2F*—2i)} 


From above theoretical considerations it 
will become possible to criticize the interac- 
tion between nuclear and electronic states 
through the analysis of the vibrational struc- 
ture associated with the electronic J-4 


transition. 


1) H. A. Jahn and E. Teller, Proc. Roy. Soc. 
London, A 161 (1937), 220. 

2) M. Born and J. R. Oppenheimer, Ann. d. Phys. 
84 (1927), 457. 

3) H. Sponer and E. Teller, Rev. Mod. Phys. 13 
(1941), 90 The treatment of /7-term is similar to 
R. Renner [ZS. f. Phys. 92 (1934), 172] 


On the Neutron-Proton Scattering 


M. Watanabe, J. Miida 
and M. Sato. 

Institute of Applied Mathematics, 
Second Faculty of Engineering, 
University of Tokyo. 
December 26, 1949. 


In the analysis of the scattering experi- 
ments, much laborious computations are re- 
quired to get the phase shifts in any approxi- 
mation. In order to avoid this trouble we 
made use of the Differential Analyzer, by 
means of which we solved the Schrédinger 
equations exactly, and calculated the total cross 
section and angular distribution of the neutron- 
proton scattering both for slow and fast 
neutrons. 

We took Yukawa potential A exp (—xr)/r. 
The force range was determined from the 
mmeson mass my=284m., andthe force 
constant A (or 8 =— MA/#?x as convenient for 
calculation)* from the binding energy of deu- 


teron E=—2.19 Mev. Tensor force was not 
taken into account, because our machine has 
only 4 integrators which are inadequat toe 
solve the simultaneous equations. The results 
are shown in Table I. For reference we stu- 
died how B changes with the meson mass 
my in the range between 200m, and 400m. 


Table I. Relation between range and depth 


For the singlet state, we assumed attractive 
force with the same force range as in the 
case of the triplet state and determined §, from 
the total cross section for thermal neutron 
20.3 x 10-* cm? , In varying the potential 
depth, the cross section becomes infinite at 
8.=—1.7, and at its both sides, two £,’s 
(—1.57 and— 1.83) fit the experimental values. 
For 8,=—1.83 there should exist a real bound 
state of the deuteron, but none for 8,=—1.57. 
But we abandoned 8.=— 1.83, because it gives 
the scattering amplitude quite disagreed with 
the other experimental data. 

The calculated cross sections for the 
neutron with energy 1~6 Mev are compared 
with the experimental ones of Williams et 
al) in Table II. 
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Table Il. The total cross section. 


o (in bars) 
IA} (Mev) 


cal. exp. 


1 4.01 4.15+0.15 
2 2.60 2.96 £0.07 
3 | 2.02 2.332-0.13 
4 1.63 1.85+0.09 
5 1.42 1.632-0.05 


1.32+0.12 


Ingeneously Schwinger* found k. cot 6 
could be expressed as a linear function of 
the incident energy in the case of slow neu- 
trons. Blatt and Jackson*) performed the prac- 
tical calculations with purpose to verify the 


2 


(sing.) 


Schwinger’s shape independent theory. , Ac- 
cording to them the force range should be 
1.2x10-"cmi. The comparison of our results 
with theirs is shown in Fig. 1. 

In the next, we calculated the total cross 
section at 90 Mev with the above-determined 
potentials. The phase shifts were computed 
by means of the analyzer and compared with 
those by the Born approximation, in Table 
Iil. 

Would it be possible to reduce the total 
cross section to the experimental value by 
shortening the force range to Blatt-Jackson’s 


Table III. Phase shifts at 90 Mev 


006 
SFeotal =0.134 x 10-4 


cm? 


0.242 x 10-24cm? 


value? The behaviour of the triplet phase 
shifts in the range of the meson mass 260~ 
340m, is shown in Table IV. The phase 
shifts are insensitive to the force range in 
this region. 


6 x10-* ene 
6 


2S Sara 
0 $o° 60° 90° 120° 150° 180° 
WSS 


Fig. 2. Differential cross section for 
neutron-proton scattering at 90 Mev 


Table IV. Phase shifts at 90 Mev 
for various ranges 
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Finally we calculated the angular distribu- 
tion at 90 Mev using the phase shifts in 
Table III. The results are shown in Fig. 2. 

We wish to express our sincere thanks to 
‘Prof. Yamanouchi for his kind guidance. 


1) 
2) 
3) 


4) 
5) 


Melkonien, Rainwater and Havens, Phys. Rev. 
75 (1949), 1295. 

R. B. Sutton efa/., Phys. Rev. 72 (1947), 1147. 
C. G. Shull ef af, Phys. Rev. 73 (1948), 842. 
J. H. Williams ¢¢ al. Phys. Rev. 70 (1946), 
583. 

J. Schwinger, Phys. Rev. 72 (1947), 742A. 

J. M. Blatt and Jackson, Phys. Rev. 76 (1949), 
18. 
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On the Decay of Heavy Mesons III.* ** *** 


— Case of the Unsymmetrical Interaction, — 


Sadao Onepa, Seibun Sasaxr and Shoji Ozaki 


Institute of Physics, Tohoku University. 


(Received November 28, 1949) 


1. Introduction 


In the previous works,” the decay schemes of heavy mesons called ‘“ Case 
of the Symmetrical Interaction” were treated, where the following processes 
were considered 


rts rt 4 77° ct» +n, ro cit ie 


In the attempts to explain the decay of + meson through the intermediary of 
nucleon field, the 7-instability of a charged t meson should not be omitted. In 
this paper, this problem is treated in detail using Tomonaga-Schwinger’s forma- 
lism”. As a photon interacts with a proton but does not with a neutron, the 
matrix elements. for this process become unsymmetrical with regard to nucleons. 
This is the reason why we call this problem ‘‘ Case of the Unsymmetrical In- 
teraction”. Moreover, owing to the existence of a photon there must be added 
the processes where a charged meson interacts with a photon. 

Besides the problem of searching for the decay schemes of t meson con- 
sistent with experiments, there exist theoretically interesting problems concerning 
with the divergence, gauge invariance and equivalence theorem of meson-nucleon- 
photon coupling. In this connection the examinations of the applicability of 
Pauli’s regulator? were made. 

After the analysis of all cases, it turns out that the following combinations 
of t and # meson are forbidden. 

(i) The cases when both t and z meson have spin 0. 

(ii) The cases when t or z meson is the scalar meson with vector coupling. 
In another cases the life times of the decay of a charged t meson into a charged 


* Read at the meeting of Sendai branch of the Physical Society of Japan held on March 5, 1949 and 
at the annual meeting of the Physical Society of Japan held at Tokyo, April 30, 1949. 
** Most parts of this contents were published in the Research of the Theory of Elementary Particles 
(in Japanese) No. 3 (March), No. 4 (April), Vol. 1 No. 1 (August), Vol. 1, No. 2 (Oct.) 1949. 
*** We wish to thank Prof. Yukawa, who has kindly teached us the importance of the decay of a heavy 
meson into a lighter meson and a photon instead of the decay of a 2 meson into a mw meson and a 


photon. 
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= meson aud a photon turn out to be shorter than 10-" sec. even if we drop 
the non-gauge invariant terms by regulator. So the life-times of the decay pro- 
cesses of charged z mesons discussed here and in reference (1) will be too short 
to be compatible with the experiments. It is quite natural to suppose that the 
above mentioned processes should be forbidden in order to explain the experi- 
ments by Powell and others.” 

Putting together the selection rules obtained for the processes discussed here 
and in reference (1), these are the cases when 

(i) both c and z meson are pseudoscalar mesons 

(ii) 7(z) meson is pseudoscalar and z(z) is scalar. 
According to the discussions in reference (1), if we choose suitably for neutral 
= meson symmetrical or neutral theory, the following processes can also be 
prohibited 

(iii) both t and 2 meson are scalar mesons 

(iv) 7(z) meson is scalar meson with vector coupling. 
These discussions will be made in our paper IV. 


2. Interaction representation and canonical transformation 


The generalized Schrédinger equation for the system consisting of nucleons, 
photons, t and z mesons becomes as follows ; 


ine "lel 1 a(x; «) +A(x; 0)} ¥Lo] (1) 


da( x) 
HA 2; a) =f, (7, n) + Hee (7, ny, iy a) 
A,(%; 0) =H,(",7) +H(2, 7) +A.(2,7) 


+H, (7, 2) +H,.(%, 2,7; @) 
where 


f,(n, 1) =—tegryrm~ Ay, p=~P*y,. (2) 


Interaction Hamiltonians for photon-meson and nucleon-meson system are given 
by Tomonaga and his collaborators”. Furthermore, we construct nuclgon-vector 
(pseudo-vector) meson interaction using Proca formalism for the meson field and 
nucleon-meson-photon interactions which are in agreement with the results 


obtained by G.J. Yevick” independently. For the scalar (pseudoscalar) + meson 
we get 


, y* 2 
He(t,n) =G,U* W Gz 9U" p, Cl on pe P WNC, (3) 
: | 


x, O02, A 


x {Aa + (WeAe)*}, (4) 
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He cantp) at =Gr <) 4a (U* P,—P,*U) + & = (= Yen N,P,N,U* 
SAMIR ANG), (5) 


W=$(i7;) tre, Pi=i$(7s) Tat ue Ys 


MC 


hk 


x= 


For the vector (pseudo-vector) + meson we get 


g(t, n)=—G, OS P+ Gs US os we = 2 Sas Sah a af G, M,* M,N,N- 
Qx, nee 4 LENG? 
Ge ox 
oe Rh cce (6) 
H(t, 7) = a|(4 ) $CLU = 4, UUs US (AU, 4.) 


—( +) { (AgUq*— Ay Ue*) (Ag Ug— Ag Ue) +2(Aa Ug* — Ag U*) 


TCO byl wheal 


Uk Uyy rad (7) 


ee (t,%, =o (=) bates P.* NaN, — Ae xhP,NeNG} 


Gs 


33 ke 


=) (A, O,* — Ag Cat) Sas— (A, U,— As U,) Sas 
c 


+2(A,U,*—A,U,*) Sa, N,Ng—2 (4,U3— 4, U4) SN,Ng}, (8S) 


a OU . Us 
Sas= —ib(7s)7aV2t we Y, ITE 
OX, OX, 


where JV, is the component of the normal to the surface o and the other quanti- 


ties express the usual meaning. For the z meson, we have only to replace x, 


by x, and G by g in the above expressions. The commutation relations between 
these field variables become as follows: . 


[U(x), U* (4) ]=4AaicD, sah (9) 


a) Dlem ey, (10) 


Ge ‘ lets /)|=—47 & D934 
C0, UeteNmte h(i be 


{h.(2); Po(2’)} = —tSa3(a#—2') ty —tSa3(4—2') Tp, (11) 
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—x) A(x—2"), z= an , M=nucleon mass, 


a 
SeG=2) =(7 
Ove 
other commutators=0. 


As our process occurs through the coupling Gge, it is convenient to make the 
following canonical transformation 


P[o]J=U[o] ¥’'[o] (12) 


where U[e] satisfies the relation 


ite OU [2] tC: a o 
te So) Hex; 2) Ulo} (13) 


By this transformation we get 


2. 0F'[a] 7 , 
he —++ =U" : J ; 
Z 30 (2) lo] H,(«; ¢) U[e] ¥’[o}. (14) 
Then in the order Gge our generalized Schrédinger equation reads 
.., OF'[a] 
the == ({ i 
3o(a) (P+QO+R) ¥[o], 


P=A+B, A=— =| do" [Hoe(t, 2,7; 0), Hf (x,n)), 
Pa —-—@o 


1 is , > ws , 
gage) dette tole), AE 7) HN) 
+ {[Ae(s, n), H,) (2, n)|, Ai" (ct, r)]}, 
Q=C+D, C=— | de [Hel n), Hix, 2,7; @)], 


=>> nad : f * wr § , 
on el del del" (Uo, 9), HET), Hee n)] 
+[[He(r, »), H,i(x,n)], Hi" (x, y)]} 
R= 


1 as hes 
Sees oa | ao" [[He(t, 2), H(z, 2)], Aix, 7)] 


+[[AG(e, n), H!(n, r)], A," (a, n)]}. 
According to the Feynman’s di 
y ns diagram, these terms c 
Siicrect gram, € terms correspond to the processes 
P > 
7 aes PN the processes where r and Z mesons interact with electro- | 
di g 3 cic Tespectively and moreover they contain the normal dependent 
rms, o) | 
a wing to the Furry theorem there are Many cases where these terms 
i 


On the Decay of Heavy Mesons. I 169 


Pigad 
A 
£ i 2 
ce ee n i 
ea | 
7h 
Yr ; ! 
: L 
4 S [) nr’ / 
/ 4 
/ : a 
C ? ? 
, n 
| 
a n / 
bait ie 7 
| / 
I 


(s,s), (ps, ps), (v,v), (pv, pv), (pr, ps), (v2), (4,2) 

where, for instance, ¢ denotes the tensor coupling of vector (pseudovector) meson 
and gv means the pseudovector coupling and so on. To simplify the notations, 
we write the interactions ,(t,) and H,(z,z) in the following form: 

H,(t,2) =GUL*, L*=$0,tpy$, U=wave function of t meson, 

S 15 

Hi, (a, n)=gV*M, M=$ Ont pw, V=wave function of z meson. oe) 

Then term A becomes for various types of t meson as follows, 


(1) scalar (pseudoscalar) t meson with vector (pseudovector) coupling 


Mee ae tol ae <[Po*; M"]> 00 AeV* + <[P,*, M']>o 
x. 
x0A,N,N,V*'}, (16) 
(2) vector (pseudovector) + meson with vector (pseudovector) coupling 
Fe ed i ; | de <[P,*, > 4eVesN, N,V, (17) 
Reem ae)? 
(3) vector (pseudovector) + meson with tensor coupling, 
G, ge l , ’ ar 
A=—— di | SM |\>, (Ag. —A, U2) V 
So dactaay Lica dal ne 80 < A Seles? 


Pel Soe |S, (AGU, —A, U2) NN, (18) 


Pts iP (7s) TatepwY, S=— ig (75) VeVst wr ¥- 
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< >, denotes the vacuum expectation value with respect to nucleon field in 
the intermediate state. For instance, 
<[P*, M}> = 5 SP 9° —2) 7 SE—7) On 
+ S(#!—4) (7s) 7s S (4-2) Ox} (19) 


In the same way, terms B are given for each case by 
(1) scalar (pseudoscalar) t meson with scalar (pseudoscalar) coupling 


o fo] add Ei — a? a 
Ba Gk! ("tl do! <[W*, M\> V"'{D.(2—2) 2 — OPED) Uh Ady 
(ac)? J-2 J-« : > oe a2, 
(20) 
(2) scalar (pseudoscalar) t meson with vector (pseudovector) coupling 
oS a f = gle yu 
B= = 8282 | du'| des” EAD ange) 54 Pe ef teh A (2—2") A ale Peal 
Kathe)? at Ae Ax," ax,” 
— aD. (z—z") un A, : (21) 
a” Ax," 


(3) vector (pseudovector) t meson with vector (pseudovector) coupling 


G ge iY a + 1 é om ” 
= rae | ee dol" = M’|> V* | On—— Bran” D(2—2x")) A," se 


+ (8, 2 te 2) Dy (= ALO", (22) 


eg Ox, 
(4) vector (pseudovector) + meson with tensor coupling 
G,ge i) an ” r{ ” dD. (x4—2"") ” 
ak eh egos a il en Sat 


se aD, (*4—2"") 
Ox5" oY ge 


(4 U,!'—A,!" CAD (23) 
Terms C and J are obtained by exchanging the roles of s and = meson in A 
and & respectively. Term 2 is 


apes mud CH beta | salen : ; - mab.” 
Ra Gan) de" | dee” Sp {SC —2") OS (2"—2 te S(# 2) 0, 


1 +S(4—7) 0,5(2"—2')7,S(2’—2) O, 
+ S(4—2") 0,5 (2 — 2) 7. S(2!—2) O,}U AV". (24) 


The integrands of A and C contain the normal of the surface. The precise 


meaning of this integral can be given when we assign to each world point a_ 


space-like surface. Then the normal of the surface is uniquely defined at each 
world point. Using the relation 
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0! 03" D(x—2") F(x") do" =N, N.F(4) 3 [dot D(4%—2"') 9," 4! F(x"), 


the normal dependent terms of A and C cancel one part of the term containing 
second derivative in 4 and D respectively. Then the total expressions are in- 
dependent of the assigament of the surfaces. 


3. Formal proof of gauge invariance 


Though our proof may not be completely strict, it is possible to show that 
whole expressions are invariant under the transformation 


A, Ag+9.4, (eli=0)" (25) 
(i) The cases when P and Q vanish, 


Using the relation (70+x) S°(x—2’) =0 and (704+) S(v#—2!) =—d(4—2’) and 
integrating by part, the term containing 4 in R becomes 


ea iy [ do!(A=A) Sp {S?(2!=2) 0, S(e—2") 0, 


4+5(2!—2) 0, S(4—2') O,}U VV" (26) 


which is proved to be always zero in this case. For example, the case 
G,(v)g.(p~s) e(t meson is vector meson with tensor coupling and 2 meson pseu- 
doscalar meson with pseudovector coupling) becomes as follows ; 


—i_ Gigre S26 du! (A MN) Sp {S(x—2') 7574 S(’ — 4) fay 
Axe (Ac)? 


+ S(4—2 V7.5 —2) tata} Ons 2 


bats | 


V*' =e(Q). 


(ii) The cases when P and Q do not vanish. 
In these cases, adding to the terms (26) the contributions from P and Q, the 
whole expressions can also be shown to be invariant under gauge transforma- 
tion. For instance, in the case G,(ps)g,(puv)e each terms containing A are 
given by, 
Aj. ramet (= ) do! Fe pry 7 Phan 
; Ay Jes Ox 


we Shs GNgeneniy o a)rs 


ve 


5 Ge wie (Efe meena) 2 ay! 
De (ao? Yl deo’ Fa ag 


R; 2 ok (3 de! F(x CLS A) 2 laa ag 
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where 
F(z—2) =Sp {S°(#—2) ste (47-2) ron + S@ —*) Poire SO(xz—2') rs7a}, 
which cancel each other. 


Summarizing the results of (i) and (ii), the gauge invariance seems to be 


formally secured for every case. 


4. Formal proof of equivalence theorem 


According to Case’s general treatment of the equivalence theorem for photon- 
meson-nucleon coupling”, equivalence is also expected because our case is of the 
order Gge. 

To verify this, we put in R, U=0,U, L=7572 and G=(i/x,)G. U denotes 
the wave function of scalar (pseudoscalar) t meson. For scalar (pseudoscalar + 
meson with vector (pseudovector) coupling, the usual procedure gives for (24), 


R=O (part equivalent to pseudoscalar coupling) 


G- ge {+h a a Bi Oi a nen Chala 
ue Caples se do! Ad Sp{S(a—2')7.S(—2) (7) M 


+ S(r—2')7,S(2'—2\(7,) M+ Add “do! V*! Sp { S®(2—2’) 


x MS (4! —x) 7. (73) + S(a#— 2) MS (x! — 2) 775) }- (27) 


Using the regulator and removing the zeroth term in the expansion of the power 
[}*/x’, the first term in the above bracket is zeio by the relation []°?4,=0. The 
second term, as is easily seen, cancels the first term in (16) exactly. For the 
remaining terms 4 and D identities are easily verified. Thus, formally identity 
holds if we admit the regulator and drop the undesirable terms. It should be, 
however, remembered that in these proof expressions which may contain diver- 
gence are removed by the law of conservation of energy and momentum or 


usual canonical transformation and so our procedure cannot be said completely 
rigorous, 


5. Calculations and the use of Regulating method 


Using the representations of the d and 4™ function proposed by Schwinger® 
and resolving the Hamiltonian density for the order Gge into gauge and non- 
gauge parts, it is shown that non gauge part vanishes except the leading term 
im aS expansion of ([]’/x*). For the typical cases we get the following 
expressions. 


(i) Case of Gs( ps) g(pv)e 
(P+ Q)=(P+Q),+(P+Q)., 
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(P+Q),= ‘ce oe) 21f (=the Ll ef + {of sow sin zw Sn dw +2\" Cosw 4, vt Xe? 
0 Ww 2 


(ac)? (Oxy? 2 vi 
1 avi, 2 .x,° (° cos w b 
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- ob 3. x 8 4p iia 3 (ee Fee) Esa | 
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Ry= Ge 816 S| af SY tw UA VL aA Vat 
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Ww 


Se ere tal 
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x 4n7 Xe 
«| (1—v) (—3+ 644 5u—4uv—3u’) aie As 
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Va 


+(1—2*)(4— —4u— u) ae 


(ii) Case of G,(ps)g,(pv)e 
(P+ Q’) =(P'+Q/),4+ (P+ 2’). +(P4D)» 


—/?) cos w 1 aV,* 
P! CB el xf" dwU (A, V.* F. er). 
SiO es he)’ (27)? Jo w bay + x) aes ) 
<filter e 
P! = G, ge ( z) t F 8 
Seater ag (22) MORI) Gur bx xe 6 8x; 


] liner ice * (" (y°—1) aV,* 
Pp! Gy Ere z t vs : Pp MOM pares 
eras the (Ac)* a(22)? 162? 4 Jy Ect ss OX. 
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R=R/+R/ +R, 
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23 _y) 22 | 
(1-0-1) |-2(1—2) (1—z) o +(1 uv) 2 } UF aV,* 
= 5 Ee a 
x | do 14 0=2)—4) Hig ASPET ee aa 
Qu? i 4ic* s 


Those terms which are divergent and gauge invariant can be removed by the 
following conditions imposed on regulator which are written in the bracket. 


(P+Q), ({o() log |\x|dx=0, fe@ log |x|\dx=0, fe) de=0), 
(PEF O) 5 ({vxp(@)4=0), 
ee ({o(e) C=), Jr@ log |x|dx=0), R,’, ({“xp(x) dx=0). 


To secure the equivalence theorem we must remove the terms (/’+Q’), and R, 
‘which are gauge invariant and seem to be unconditionally convérgent. In our 
-paper 7, we adopted the procedure in the use of regulator which lets the 
identity hold. . 

But, as was stated before, our formal proof of identity being not completely 
strict, we cannot decide whether we should remove these terms or abandon the 
equivalence theorem. 

(iii) Case of G,(v) go( ps) e 

This case was treated by Finkelstein’? in the model of Schwinger’s mixture 
theory. Contrary to his results, there are no contributions from P and Q and 
moreover no logarithmic divergence in our calculation. 


R=, 4-K., 

Gs@i¢ (2) , I O°y ge 
R. = 282 Pe ee gs de 
S (ic)? x,x, (Qn)? 2 xSp (7s¥a7s7'r7u) Oar Ap AX~ Vu, 


= Gee (-) 1 159 at 
Ry = O28! SaP oe en | ela (+2) (+02) 


1 25 


eo) 


fi (+ v—1) ae Sp (r% Ta¥k iTy Us Fr V*) 
x {14 SAO) (a fe at 
220" x 


407 “s 


xSP (fs7u7sTetp ) Cay x airs 


Term R, is removed by the condition | ¥=0@) dx=0. 


In every case, it turns out that the conditions | n(x) a =0 


| ¥x0@) dx=0, Joe) log |x|@=0 and Jo x log |x| dx=0 
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are sufficient enough to make all results: convergent and gauge invariant and 
moreover the contributions of the vector coupling of scalar meson vanish. But 
as was shown in our paper I and II, under these conditions. of regulator there 
are some cases where the equivalence of the two interaction forms of pseudoscalar 
meson does not hold. 


6. Selection rules and the life-times of these processes 


As stated in the introduction, there exist no such selection rules as found 
in the case of symmetrical interactions. After calculation, it turns out that the 
following combinations of s and z meson are forbidden. 

(i) The cases when both - and = mesons have spin 0. 

So that equivalence theorem holds in this forbidden case. 

(ii) The cases when ¢ or = meson is the scalar meson with vector coupling. 
In these cases, the use of regulator is made and the diverging and non-gauge 
invariant terms are removed. 

The rule (i) is easily understood. Under the request of gauge invariancy 
the interaction Hamiltonians in these cases must be the linear combinations of 
Fu,02U 0,9*, Fe39,0,U o* and F,,U4,9,¢* which are identically zero. 

In the following, we show the decay life-times of these processes for the 
typical cases after the removal of the diverging and non-gauge invariant terms. 

We made the following assumptions 


ee ee 10 = 900) 77,300 
Cc L 
G,(2) 4) e 4.2 x 10-14 sec Go(v) ga(fs) @ 2.6 x 10-22 sec 
G; (pv) go (pv) 2.3 x 10-13 sec G,(v) 2, (ps) e 2.8 x L0—'4 sec 
Gy (ps) Z (we. 1.5 x 10-1 sec G,(5) 2,7) ¢ 4.0 x 10-15 sec 
Go(Ps) vo(fv) e 1.3 x 10-38 sec Gy(5) go(z) ¢ 3.1 x 10-13 sec 


Using the regulator, the life times seem to be shorter than 107" sec. in every 
case under the above assumptions. 


7. Conclusion 


According to the above analysis, the 7 decay of a charged 7 meson seems 
to be too short to be detected in experiments. In order to explain the experi- 
ments by Powell and others who reported the process 7=-» 7* +7" +7", we must 
search for the combinations of t and = mesons where the processes discussed in 
II and here are forbidden. These are discussed in detail in the introduction. 
Using these analysis of the third order decay processes of a + meson, we shall 


proceed to the case -+->7++4+2*+42° which will be discussed in our paper IV. 
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